PHYS 705: Classical Mechanics

Non-inertial Reference Frames
Vectors in Rotating Frames




Infinitesimal Transformations

From our previous discussion, we have established that...

- any orientation of a rigid body (with one point fixed) can be

represented by a single rotation about a particular axis.
- And this rotation can be parameterized by three parameters (3 Euler angles)

Question: Can we represent these three parameters by a vector?

Suppose the two rotations Op, and Op, are represented by two such “vectors”,

Then, for them to be actual vectors, the two operations must commute, i.e.
Op,®0p; =0p, ®O0p,
However, from our previous discussion, finite rotations are not

commutative as an operation.



Infinitesimal Transformations

Recall that if we represent the rotation Op, , by matrices, A,B, then the “addition”

of two rotations Op, and Op, will be given by a matrix multiplication, i.e.,

Op,®0Op, — A-B

And, matrix multiplications are not commutative : A-B#=B-A

Thus, finite rotations CANNOT be represented as vectors !

However, as we will demonstrate next....

Infinitesimal rotations can be represented by vectors !



Infinitesimal Transformations

Let consider a general infinitesimal transformation given by the following,

| _
X, =x+EX, —(51.].+€Z.j)xj

so that the unprimed axes x, is changed to x', by an infinitesimal

operator E -

In matrix notations, we have, X'= (I + 8) X

Since € is assumed to be small, we will show that the order of infinitesimal

transformation is not important.



Infinitesimal Transformations
- Let say we have two infinitesimal transformations: (I + g, ), (I +g, )
Op,®0p, == (I+g)(I+¢,)=L+gl+le,+58g, =I+g +¢g, +0(52)
- Switching the order of the operations,

Op,®0p, == (I+g,)(I+¢)=0"+¢,l+I¢ +e,8 =I+¢g, +£1+0(52)

- By neglecting higher order terms, these two expressions are the same since

matrix addition is commutative.

—> Infinitesimal transformation is commutative.



Infinitesimal Transformations

- Now, let consider an inverse of an infinitesimal transformation, A =1+ ¢

Itis given simplyby: A™' =1-¢
CHECK:
AA! = (I + 8) (I — 8) =] (to first order)

- Then, let see what property will € have if we want this infinitesimal

transformation to be orthogonal.

- For orthogonal transformations, we need to have A" = A™
- This then gives, A" =I+¢' =A™ =1-¢ ==) ¢ =—¢

=) ¢ isan anti-symmetric matrix



Infinitesimal Transformations
- Further note that,
det A = det (I + s) = +]1 (to first order)

=) An infinitesimal orthogonal transformation corresponds to a

proper rotation.

- Since g is anti-symmetric, we can write it generally in component form as,

0  dQ, -dO,
€= —dQ3 0 dQl (deszadQ_g)
dQ, -dQ, 0

- So, € has only three independent components: (d€,,dQ,,d<Q,)

- Any infinitesimal rotation can be specified by these three parameters



Infinitesimal Rotations

- As an example, we can explicitly write out the infinitesimal Euler rotation,

With 0=d0,p=dg,y = dy

cosdiy cosdp —cosdfsindgsindy  cosdy sindg+cosdBcosdgsindy  sindfsindy
A =| —sindy cosdp—cosdBsindpcosdy —sindysind@+cosdBcosdpcosdy sindlcosdy
sind@sindg@ —sindf cosd¢ cosd@

Then, with cosd@ =cosd¢p =cosdy =1
sind@ =dé
sindg = d¢
sindy = dy

gives...



Infinitesimal Rotations

- As an example, we can explicitly write out the infinitesimal Euler rotation,

B (dg+dy) 0 -0 dp+dy 0
A=|—(d¢+dy) 1 do |=1+| -d¢—dy do |=1+¢g
0 ~do 1 0 0

Now, for the three infinitesimal Eu (sindv=dr, )
cosdx =1,

we formally define,
and keeping

dQ = (d@, 0, (d¢ + dl//))T iny linear terms)

- For notational purpose, we write /€2 as a differential but it is NOT an actual

differential of a vector.

- But dQ stands for a vector of differential changes associated with the

infinitesimal transformation matrix g



Infinitesimal Rotations
- We will now show that these three quantities (d Q,,dQ,,d(2, ) form a

particular kind of vector.

- The change dr in the coordinates r under this infinitesimal rotation can be

expressed as,
dr=r'-r =(I+8)l’—l’ —gr

- Writing this out explicitly in components, we have,

Cdx, T 0 dQ, -dQ, [ x dx, = x,dQ, — x,dQQ,
dr = dx2 =gr = —dQ3 0 dQl X, I::} dxz = x3dQ1 - xldQ3
_dx3 | i dQ, —-dQ, 0 || x dx; = x,dQ, — x,d),

- The result looks like the cross product between two vectors:

dr=rxdQ  with r=(x,x5,x) dQ=(dQ,dQ,,dQ,)



dQ as a Pseudovector

- Under an orthogonal transformation B, the anti-symmetric matrix g

transforms according to the similarity transform:

'=B'¢B

- Recall that a regular vector (called polar vector) r, it must satisfy the
transformation rule:

=b,x, where b, is orthogonal, i.e, b,b, =7,

- One can also show that d€ must transform as,

dQ' =det (B)bl.dej (*) (not shown here)

So, if det (B) =1 dQ,, transforms like a regular vector but if det (B) #1, it is not.



dQ as a Pseudovector

- Under an orthogonal transformation B, the anti-symmetric matrix g

transforms according to the similarity transform:

'=B'¢B

- Recall that a regular vector (called polar vector) r, it must satisfy the
transformation rule:

=b,x, where b, is orthogonal, i.e, b,b, =7,

- One can also show that d€ must transform as,

dQ' =det (B)bl.dej (*) (not shown here)

- Vectors transforming according to (*) is called an axial vector (pseudovector)



dQ as a Pseudovector

- Also, recall that if B is an orthogonal transformation,
det B=+1

- det B =+ 1, then B is called proper, (rotation only, no inversion)

- det B =-1, then B is called improper (with inversion)

- So, we have the following distinction between a polar and axial vector

under an improper orthogonal transformation B:

v'=Bv if v is a polar vector

v'=—Bv if v is an axial vector (or pseudovector)

- Common examples of axial vectors in physics involves the cross product of two

polar vectors such as angular velocity, angular momentum,...



Geometric View of an Infinitesimal Rotations

We just saw that an inf. rotation J€2 leads to an inf. change dr forr :

dr =rxdQ (**This is in the passive view)

Here is the same situation in the active view:

dO - JO Here, we are rotating the vector r (active view) instead
: > gr  ofrotating the coordinates (passive view) > thus the
rsinaJ__~7
reverse order of the cross prod.
r r+dr
() magnitude: 7 sinad(2
direction: @ RHR
=) dr=dQxr

(We will take this active view from now on.)



Geometric View of an Infinitesimal Rotations

Dividing dt from both sides of the equation, we have,

dr dQ (the familiar definition
V= = Xr=0Xr
dr dt for angular velocity)
a .
where @ = 7 is the instantaneous angular velocity
{

where @ lies along the axis of infinitesimal rotation in the time

interval [t, f+ dt] in a direction known as the instantaneous axis

of rotation.



Rate of Change of a Vector under Rotation

Looking at infinitesimal rotation more generally:

We are interested in describing vectors in

\ the “body” (primed) frame as measured

in the “fixed” (unprimed) frame when the

rigid body frame is being (infinitesimally)

) Y
/ R / rotated about a fixed axis.
x |

(R is assumed to be fixed for now.)

X

- For simplicity, we also assume (for now) that a point P described by r'in

the “body” frame does not move wrt the body frame.

Note: Our discussion can be for any vector G instead of the specific

position vector r' in the body frame.



Rate of Change of a Vector in under Rotation

- However, as viewed from the “fixed” frame, r'will be moving (due to d€2)

- From our discussion on rotation before, viewed in the fixed frame,
' _ '
(dr )ﬁxed = dQXxr

- Or, dividing by dt, we have,

(dr'j aQ | |
— | ===xr'=oxr
dt ) e Al

- More generally, if we also now allow r ' to move wrt the “body” frame as

(dr'j (a’r'j |
— =|— | +oxr
dt fixed dt body

well,



—_—

Rate of Change of a Vector in under Rotation

- Although our discussion was for a given position vector r' in the “body”

frame, the discussion applies equally well to ANY vector G in the “body”

(de (de
S 2 L exG
dt fixed dt body

- So, it is useful to abstract out this operation for any vectors,

i)
— =|—| +0Ox
dt fixed dt body

frame.




Rate of Change of a Vector in under Rotation

This relation can also be formally derived.

The components of a vector (5 measured in the body frame and in the fixed

frame are related by an orthogonal transformation

G(body) = AG( fixed)
or { where A Or a ; is the Euler rotation matrix

"
Gi—al.jGj

Reversing the expression between the fixed (unprimed) and body (primed)

frame,

G :(a_l)ijG'j =(aT)ijG'j =a,G',



Rate of Change of a Vector in under Rotation

As the body moves infinitesimally in time, the components of (7 'l. in the body
frame will change by dG' ; and the instantaneous rotation matrix will be

given by the infinitesimal rotation matrix,

A=I+gA=1+e @;=0,+¢,

So, the components in the fixed frame is then changed by,
A (a ﬁ)
— ! !

' Note, the order of the indices
Keeping terms up to to 15t order, we have, is not the same as the

regular matrix product
G, +dG,=G'+dG'+g,G",



Rate of Change of a Vector in under Rotation

Without loss of generality, we pick our fixed frame to be instantaneously

coincident with the body frame at time t so that we choose
Gl. — G'l, at time t

BUT, as one can see from the last equation in the previous page, the differential

of G in the body and fixed frame are in general not the same and is related by,
dG, = dG'+ £ ,G',

Using the anti-symmetric property of €,1.e.,&; = —¢&;

dG, =dG',~£,G",



—_—

Rate of Change of a Vector in under Rotation

dG, = dG'\~¢,G",

0 dQ, —dQ,
Then, recall that we have &€ =| —d(), 0 dQ,
dQ, —dQ, 0

(+1, ijk is of forward permutation

And using the Levi Civita tensor ¢, =41 —1, ijk is of backward permutation

0, otherwise
. . e
The we can write € in terms of €, —= goreg,
INOTE |
_ _ 1S not &,



Rate of Change of a Vector in under Rotation
So,wehave, dG, =dG' +¢,,dQ.G',

or dGﬁxed = dGbOdy +dQxG

And, finally (d—Gj — (d—Gj +oxG
dt fixed dt body

And the operator equation again,

il
— =|—| +0x
dt fixed dt body



—

Acceleration in a Rotating Frame

- Let use the “operator” equation to calculate the velocity and acceleration of a

point P in the body frame as measured in the fixed frame

unprimed - wrt fixed frame

primed - wrt body frame

/

(Here, we also allow R to move as well.)

r=R+r'




Acceleration in a Rotating Frame

- Consider a change of the position vector r wrt the fixed frame, we have,

) ) )
dt fixed dt fixed dt fixed

- ’is in the rotating body frame,(dr'/dt) wrt the fixed frame will have two pieces,

(@j :(de +(dr'j ﬁ(i_r)f:(iz_z)+‘°]
dt fixed fixed body

— — OXr'
dt dt \
vel of Prel to vel of rotating  vel of Prel to extra piece due to rotation
fixed axes frame origin rotating frame of the body frame

—> Vf=VR—|-V'—|—(0><l"



Acceleration in a Rotating Frame

- Differentiate in the fixed frame again, we have

(dv) (dvR) (a’v'j (dr'j L
— = +| — +ox| — +QOXr
dt fixed dt fixed dt fixed dt fixed

Both v’ and r’ are vectors in the “body” frame but the differentiation

is measured in the fixed frame so that we need to apply the operator

equation again to expand them.



Acceleration in a Rotating Frame

(dvj (dVR) (dv'j (dr'j L
— | = + — | +ox|—| +oxr
dt fixed dt fixed dt fixed dt fixed

(a’vj (dij (dv'j | (dr'j o
— | = +||— | +oxv'|[+ox||—| +oxr'|[+oxr

=) a,=a,+a +2(oxVv')+eox(oxr)+oxr'

acc of P rel to acc of Prel to\ \]

. rotating frame
fixed axes 5 vel of Pin the pos of Pin the

acc of rotating rotating frame rotating frame

frame origin



Acceleration in a Rotating Frame

- To gain some physical insights into the meanings of the various terms,

1. We look at the situation where the “body “frame is rotating with a
constant angular velocity around a fixed axis and the origin of the
“body” frame is not moving, i.e.,

=0 and a,=0
2. Newton 24 Law applies in inertia frames only. That is why we have

calculated a . explicitly in the fixed frame and we have,

f
F=ma,
F=ma +2m(0oxv')+mox(oxr')

where F is the net force acting on m as observed in the “fixed” frame.



Acceleration in a Rotating Frame

- Rearranging the terms, we can rewrite the equation into the following form,

F-2m(oxv')-mox(oxr')=ma,

- Defining | F

o =F-2m(oxv')-mox(oxr')

- We can re-interpret the Newton 2" ]law as an equation applying in the

“rotating” frame,

K, =ma,

- This is “F = ma” in the “rotating” frame !



Acceleration in a Rotating Frame

K,

:F—Zm(coxv')—m(ox(c)xr')
Notes:

- F is the actual physical forces in the inertia frame
- The two extra terms corresponding to “apparent” forces (a penalty you

pay) for NOT being in an inertial frame.

—ma@ X ((1) Xr ') - The familiar “centrifugal” force

—2m ((0 XV ') - The coriolis force

- These two fictitious forces are not associated with any real forces acting
on objects in an inertial frame and they are not visible to an inertial

observer !



Example of Fictitious Forces in a Rotating Frame

Q)
Just standing on a merry-go-round... %
I\ Oxr'
< <, > |
—® >< 0) XT )

- For simplicity, let say you are standing still (remain stationary relative to

the rotating frame) so that v' = (0 - there is no Coriolis force !

- Everything is perpendicular here. The fictitious centrifugal force is

my’
—m(ox((oxr') - mor'= —— (outward)
7'

- Note: this fictitious centrifugal force ~ r’ so that it gets larger as one

moves out and vanishes at the origin.



Example of Fictitious Forces in a Rotating Frame

Now, we allow v'# ()

Consider standing in the middle and Target fixed
: : : in “fixed”
throwing a rock directly at a fixed target E}anr:}e(e

fixed outside the merry-go-around View in “fixed” frame

- In the “fixed” inertial frame, the rock experiences no net force and it

will go out toward the target along the straight path as shown.

- However, as the rocks moves outward, the thrower will rotate.

- To the thrower in the “rotating”

frame, the rock will look like veering off

to right.

View in “rotating” frame



Example of Fictitious Forces in a Rotating Frame

So, within the “rotating” frame, there is a fictitious Coriolis force

Rule of Thumb: object
deflects to the right of v'

View in “rotating” frame

MOVIE: http://techtv.mit.edu/videos/3714-the-
coriolis-effect
https://www.youtube.com/watch?v=dt XJp77-mk




Earth as a Rotating Frame

The fact that we live on the surface of the Earth which rotates

- Means that we are subject to these fictitious forces

Additionally, for an object on the surface of the Earth, the origin of the
“body” frame is not fixed so that R changes and we need to put back a,
but we will assume Earth to have a fixed rate of rotation, i.e., @ = ()

Q)

a, =a,+a +2(oxv')+ox(oxr')

f




Earth as a Rotating Frame

To calculate a,, consider R...

Q) - It moves in the “fixed” frame but it is stationary in
) the “body” frame.

Considering the rate of change of R in the fixed

R frame, we have

'i dR dR
‘/woﬁ/wf‘“ (— = +oxR
S\y{ﬁa dt fixed { body
Taking the time derivative as measured in the fixed frame again, we have,
. (dR dR
R:(— =a, = —|—0)><((0><R)
dt fixed ! body

=V

» =co><((0><R)

—



Earth as a Rotating Frame

Plugging this result into our equation for a 1o we have,

— ' '
a, =a +2(oxv)+ox(ex[R+r'])
And the effective force in the rotating frame becomes,

F,, :F—2m(0)xv')—m(o><(0)><[R+r'])=mar

e

Letting F = mg, (gravity) be the only actual physical force, and assuming
that we’re interested in objects near the surface of the Earthsothat R +r'= R

F,, =[mg0 —mc)x(coxR)]—Zm((oxv')

1}

This is the effective gravity g (actual gravity + centrifugal force)



Earth as a Rotating Frame

Now, let look closer at this effective gravity as a function of latitude &

on Earth,

-For  =9(0° (North Pole),
OxR=0
- Then, we have g = g,

\9 ____________ -For @ =0 (Equator),

equator

g=g,+ @’ RR (go = —gﬁ)

Thus, due to centrifugal effects, gravity g is about

0.052m/s” less @ equator than @ poles




Earth as a Rotating Frame

In general, also notice that a mass on a string doesn’t hang straight down:

Actual direction of 8 (way exaggerated)

g=g,-0x(0xR)

HW: find deviation angle as a function of

latitude 6



Coriolis Effect on Projectiles: —2m(oxv')

Case 1: At North Pole
) (out of page)

Top View

- Projectile will defect to the right (as in

the merry-go-round situation).




Coriolis Effect on Projectiles: —2m(oxv')

Case 2: At Equator = sending projectile to the East & V' (into of page)

Ve v' (into of page)

>—@WXV'
equator

Coriolis force is up (from the surface) — but

Pole | it is tiny compared to regular gravity.



Coriolis Effect on Projectiles: —2m(oxv')

Case 3: At intermediate northern latitudes - sending projectile to the East

e v' (into of page)
D—>-OXV'

--------------------- In addition to the up direction, Coriolis
force also has a component deflecting the
orbit to the right wrt its original direction of

motion (toward South in this case).

Pole



Coriolis Effect on Projectiles: —2m(oxv')

Case 4: Southern latitudes = sending projectile to the East

The situation is reverse. Coriolis force has a
component deflecting the orbit to the left
wrt its original direction of motion (toward

North in this case).

v' (into of page)



Coriolis Effect on Projectiles: —2m(oxv')

Coriolis effect on weather

Northern hemisphere — direction of wind
will be defected to the right always resulting
into forming a counter-clockwise circulating

low pressure cell.

Northern hurricane (zeta)

Southern hurricane




