PHYS 705: Classical Mechanics

Hamilton-Jacobi Equation
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Hamilton-Jacobi Equation

There is also a very elegant relation between the Hamiltonian

Formulation of Mechanics and Quantum Mechanics.
To do that, we need to derive the Hamilton-Jacobi equation.

The Hamilton-Jacobi equation also represents a very general method in

solving mechanical problems.

To start...

Let say we are able to find a canonical transformation taking our 2n phase

space variables (q,- ) p,-) directly to 2n constants of motion, ( B al.) ie.,

0 =5 P =q,



I

Hamilton-Jacobi Equation

One sufficient condition to ensure that our new variables are constant in

time is that the transformed Hamiltonian K shall be identically zero.

If that is the case, the equations of motion will be,

oK

)=—""-0
G OP

P=——"—=0
o0,
Recall that we have the new and old Hamiltonian, K and H, relating

through the generating function F by:

K:H+6—F
Ot
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Hamilton-Jacobi Equation

With K identically equals to zero, we can write:

OF
H Do (¢
(q,p.1)+ ” (*)

For convenience in later calculations, we shall take F to be of Type 2
so that its independent variables are the old coordinates ¢, and the

new momenta P . Inthe same notations as previously, we can write

F(q,Q,P,t)ZF;(q,P,l‘)—QiB

Now, in order to write H in terms of this chosen set of variables (q , Pt )

we will replace all the p. in H using the transformation equation:
oF, (g, P,t)
oq.

1

P;
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Hamilton-Jacobi Equation

4 )
: oF OF, .
Then, one can formally rewrite Eq. (*) as: note that o Since
oF oF oF. F(q,P,t)=F(q,P.t)-OF
H qu...’qn;_z,...,_z;t +_2:O \ )
. OF, (g,&,t)
This is a PDE for F, and is known as the pi = oq

Hamilton-Jacobi Equation.

Notes: -Since P, = ¢, are constants, the HJ equation constitutes a partial
differential equation of (n+1) independent variables: (q1 g, t)
- We used the fact that the new P’s and Q’s are constants but we have
not specified in how to determine them yet.
- It is customary to denote the solution F by S and called it the

Hamilton’s Principal Function.
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Hamilton-Jacobi Equation

Suppose we are able to find a solution to this 15t order partial differential

equation in (n+1) variables...
}72 = S = S(qu...,qn,al,...,an;t)
where we have explicitly written out the constant new momenta: P, = «,

Recall that for a Type 2 generating function, we have the following

partial derivatives describing the canonical transformation:

(pf :ﬁj P, = Blaa) (T1)
ay aq,
)

oS
[Q ﬁj 0-p-Blxt) o

OP oa.

l 1



Hamilton-Jacobi Equation

After explicitly taking the partial derivative on the RHS of Eq. (T1)
oS (q, a, t)
P =
aq,

and evaluating them at the initial time 7, we will have n equations that

one can invert to solve for the n unknown constants a, in terms of the

initial conditions (%, Do-t, ) ,1.e.,

a; =&, (%,poato)

Similarly, by explicitly evaluating the partial derivatives on the RHS of Eq.

(T2) at time £, , we obtain the other n constants of motion £

0S(q.a.t)
o,

! qqu ,t=t0

O =p=



Hamilton-Jacobi Equation

With all 2n constants of motion ¢;, f;solved, we can now use Eq.

(T2) again to solve for ¢g,in terms of the ¢, 3, at a later time t.

5-Be) ey g, =g (@ Bu0)

i

Then, with ¢, 5, and g, known, we can use Eq. (T1) again to evaluate 2;

in terms of «,, [, at a later time .

~ 8S(q(a,ﬂ,t),a,t)
P = ”

1

] = (p,=p,(a p.1)

‘ The two boxed equations constitute the desired complete solutions

of the Hamilton equations of motion.
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Hamilton Principal Function and Action

Now, let consider the total time derivative of the Hamilton Principal

function S,

ds(g.a.t) _as i 08
dt aq. ot

1
Using Eq. (T1) and the Hamilton-Jacobi equation itself, we can

replace the two partial derivatives on the right by p.and H,

_a oS _
%zpiq.i_H:L Lpi—éqi] (H+at Oj

‘ So, the Hamilton Principal Function is differed at most from the

action by a constant, i.e.,

S = I L dt +constant
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Example: Solving Harmonic Oscillator with HJ

Recall, we have:

|
’ i H‘zl (p*+m’e’q)=E o =kim

m
1(q) =—kq U(q):%

The Hamilton-Jacobi equation gives:

2
55 oS 1 oS 5 5 5 oS
e =) +m +—=0

Recall that under this scheme, we have:

K=0 —> O=f and P=«a
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Example: Solving Harmonic Oscillator with HJ

1
H = (p +m2w2q2)=E w’ =k/m
| 2m
[0 X
_ kq' . .
f@)=—kq U(qg)= ES When H does not explicitly depend on time,
we can generally try this trial solution for S:

S(q,a,t) = W(q,a) — gt (gqandtare separable)

With this trial solution, we have 8S/0f = —a and the HJ equation

becomes:

2
Ll(asY ., .| a5 1 | oW 2 2 a2 recall : LHS = H
[m{(aqj+qu}+at0]» 2m|:[8qj -I—ma)q:l—a (so]—]:a
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Example: Solving Harmonic Oscillator with HJ

The previous equation can be immediately

integrated:

) 2
J + mzwzqz} —q =) (—) +m’w’q’ =2ma
oq

2
—j =2ma—-m'w’q’

/ (aq

== W =J'\/2ma—m2a)2q2dq and S = I\/2ma—m2w2q2dq—at




Example: Solving Harmonic Oscillator with HJ

We don’t need to integrate yet since we only need

to use 8_S 8_S in the transformation eqs:

oo’ dq

o )j = (= ,B—a—S—J‘ (\/2ma m'w’ 2)a’q t

:J( j2m \/2ma mw’q’ \/7J\/1 ma)zqz/za

Letting x =, / > —@q , we can rewrite the integral as:
a

1 dx 1 : 1 :
t+,3=a) o — t+ﬂ=;arcsm(x)=—arcs1n( zﬂa)gj

Q (04
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Example: Solving Harmonic Oscillator with HJ

: 1 ]
t+ = larcsm(x) = —arcsm(‘ /ﬂa)qj
@ ) 2a

Inverting the arcsin, we have

¢()= | 2% sin(wt+ )| with f'= 0

mao

The 2 transformation equation gives,

(p 8S(q(a,,8,t),a,t)}

oS O
oqg 0Oq

#2eq: == p= (I\/Zma—mza)zqqu—at) =\/2ma—m2a)2q2



Example: Solving Harmonic Oscillator with HJ

I . Substituting ¢ (t) , we have,
| p(t) \/ 2mao [

(e

=) p(t):\/2ma(1—sin2(a)t+,8')) with 8'= of

t)= \/2ma(cos2 (ot + ,B'))

p(t)zx/mcos(a)wrﬁ')




I

Example: Solving Harmonic Oscillator with HJ

m q(t)= nfgz sin(awt + /")

p(t)=~2ma cos(wt+ ')

Completing the calculations, we still need to link the two constants of

motion (a, o ) to initial conditions: @ t =0, ¢g=g¢g,, p=p,

Recall that the constant of motion « is H (=E) of the system so that we can

calculate this by squaring g and p at time ¢ =0:

o :ﬁ( pi+me’q)

1
And, we can calculate g at time ¢ = () by dividing the 2 eqgs: o _ tan ( b ')
Py Mo
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Hamilton Principal Function and Action

Most interestingly, let consider the total time derivative of the Hamilton

Principal function S,

ds(g.a.t) _as i 08
dt oq. ot

1
Using Eq. (T1) and the Hamilton-Jacobi equation itself, we can

replace the two partial derivatives on the right by p.and H,

_a oS _
%zpiq.i_H:L Lpi—éqi] (H+at Oj

‘ So, the Hamilton Principal Function is differed at most from the

action by a constant, i.e.,

S = I L dt +constant
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Another example in using the Hamilton-Jacobi
Method (t-dependent H)
(G 10.8) Suppose we are given a Hamiltonian to a system as,

2

H= 219_ —mAtq where A is a constant
m

Our task is to solve for the equation of motion by means of the

Hamilton’s principle function S with the initial conditions
t=0, ¢q,=0, p,=my,
The Hamilton-Jacobi equation for S is:

H q;a—S;t +6—S=O
oq ot
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Example in using the Hamilton-Jacobi Method

Recall that the Hamilton’s principle function S is a Type 2 generating

function with independent variables (q, P, t)
S=5 (q, P, t)
with the condition that the canonically transformed variables are

constants, i.e.,
O=pf and P=«

For a Type 2 generating function, we have the following partial

derivatives for S:

_8S(g,at) :8S(q,a,t)
p= P (T1) O=p ™

(T2)
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Example in using the Hamilton-Jacobi Method

Writing H out explicitly in the Hamilton-Jacobi equation, we have

2
LS B

Here, we assume a solution to be separatable of the form:

S(g.a5t)= f(a,t)g+g(t)

Substituting this into the HJ Eq (*) above, we have,

Lf(a,t)z —mAtq+f'(a,t)q+g'(t) —(0 (' ispartial time
2m L
derivative here)



Example in using the Hamilton-Jacobi Method

i Flat) —mdtg+ f'(aut)g+g'(1) =0

Concentrating on the g dependent terms, they have to be independently

add up to zero... So, we have,

f'(a,t)=mAt = f(a,t)= + fo (@)

And, requiring the remaining two terms adding up to zero also, we have

s
"(t)=—— f(t
g'()=-5 (1)
Substituting 1'(z) from above, we have

2
, 1 | mAt’ 1 | m* A%t
g(t):—zm{ +f0} == { Z +mAt f, + 1,

2 m
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Example in using the Hamilton-Jacobi Method

Integrating wrt time on both sides, we then have,

mA’t  Af, £
t)=-— A
g (1) 40 6 om0

Putting both /' (¢) and g(#) back into the Hamilton’s principle function,

we have,

2 2.5 A
S(q,a;t)z(m;lt +ﬁ)(a)jq_mj0t B f66(06)t

Since the Hamilton-Jacobi Equation only involves partial derivatives of S, g,

o' (@)

2m

I+g,

can be taken to be zero without affect the dynamics and for simplicity, we

will take the integration constant f, to be simply ¢, i.e., f (05) =

2

. mAt> mA’ Ao 5 «a
S(g,a5t)= ; +a |g- 0 e t —%t
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Example in using the Hamilton-Jacobi Method

2

mA mA’t Ao , o
We can apply Eq. T2 to solve for S, S(g.ast)= AL ATt Ml
o 6 m

Solving for g, we then have,
A, o
q(t)=p+—1 +—t
6 m
From the initial conditions, we have ¢ =0,g, =0, p, =mv,

—> This implies that ¢ (0) =[=0
- And, apply Eq. T1, we can solve for ¢,

2
p(o):&g(g,a,t) :{%4_0{} o =my,
q t=0 =0
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Example in using the Hamilton-Jacobi Method

Putting these two constants &, 5 back into our equation for g(t), we

finally arrive at an explicit equation of motion for the system:

q(t):§t3+vot

Using Eq. T1 again, we have ,

- 6S(q,05,t) _ mAt®

p(z‘) @q > +
We just found that o =my,,
2
p(6) =" o,
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Connection to the Schrodinger equation in QM

(This connection was first derived by David Bohm.)

We first start by writing a quantum wavefunction 1//(1', t) in phase-

amplitude form,

W(l‘,t) :A(r,t) oS0/

where A(r, t) and § (l‘, t) are the real amplitude and phase of ¥/ (r, 4 )

Let say this quantum particle is moving under the influence of a

conservative potential U and its time evolution is then given by the

Schrodinger equation:

el L
ih——=—Vywy+U
ot 2m Rl
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Connection to the Schrodinger equation in QM

Now, we substitute the polar form of the wavefuntion into the

Schrodinger equation term by term: [W(l' t) _ A(r t)eiS(r,t)/h]
el oy 0A 1 oS
zh—\: ih—— =" ih— -} — A— . Re Im
o o ( ot }{ ﬁ/ Py ) color code: Re
Viyl: V=€ (VA+%AVS)

Vi = (% = hvsj - [VA + % AVS) + ey (VA +% AVS)
I

=%e"5/hVS-VA—?A(VS)2 +e" (V2A+%VA-VS+%AVZSJ

A

=" (VZA—?(VS)Z+%(2VA-VS+AV25)j color code: Re Tm
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Connection to the Schrodinger equation in QM

Substituting these terms into the Schrodinger equation, dividing out the

common factor /5" and separating them into real/imaginary parts,

IM (black): [ihOw/ot] Vi
c%A (1 !
h— ( (2VA VS + AV S)j
8t 2m h

Simplifying 04 _ 1 2
ey 25A_—2%(2AVA-VS+AAV S)

2
Regrouping: Gi V- ( A? VS j

Ot m
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Connection to the Schrodinger equation in QM

Now, for the real part of the equation, we have,

(e
(blue): 1 ! ’

2
—A§ = ——(VZA—%
Ot 2m h

(vs)zij

2 2
Simplifying: _§ —_ nvA + l (VS)2 +U
ot 2m A 2m

Rearranging: L(VS)Z LU —I—aS _ VA
2m o 2m A
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Connection to the Schrodinger equation in QM

Taking the limit 77— 0 , we have,

1 oS

—(VS) +U+==0

2m ot

This is the Hamilton Jacobi equation if we identify the quantum phase S

of ¥ with the Hamilton Principal Function or the classical Action.

To see that explicitly, recall the Hamilton Jacobi equation is,

oS oS j oS
Y =0

H 5 "%y n;_o"'o_a +t—=
(ql oq o)



Connection to the Schrodinger equation in QM

Now, for a particle with mass m moving under the influence of a
conservative potential U, its Hamiltonian H is given by its total energy:

2

H=2_4 U
2m
Using the “inverse” canonical transformation, Eq. (T1), we can write H as,
1 1
H = o | o5 +U:—(VS)2+U (p=a—S]
2m\ 0q )\ Oq 2m 0q

Substituting this into the Hamilton-Jacobi Equation, we have,

1 2 oS s .
_ (V S) Lt U+2==0 (This is the same equation for the phase of

m ot the wavefunction from Schrodinger Eq)
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Connection to the Schrodinger equation in QM

Notes:
1. The neglected term proportional to #i*is called the Bohm’s quantum
potential, 1 VA
0=- 2m A

Note that this potential is nonlocal due to its spatial diffusive term

and it can be interpreted as the source of nonlocality in QM.

2. The imaginary part of the Schrodinger equation can be interpreted as the

continuity equation for the conserved probability density p = 4> =y with
the velocity field given by vy =V .S / m=pl/m:

Lo ale)




I

Hamilton’s Characteristic Function

Let consider the case when the Hamiltonian is constant in time but we

don’t a priori know what it is,

H(Qiapi):al

Now, let also consider a canonical transformation under which the new
momenta are all constants of the motion,

(the transformed Q, are not
restricted a priori. )

P =c.

1 l

AND we choose the new canonical momentum ¢, to be the constant H itself.

) Then, we seek to determine a time-independent generating function

W(ql. , P ) (Type-2) producing the desired CT.
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Hamilton’s Characteristic Function

Similar to the development of the Hamilton’s Principal Function, since

W(q, P) is Type-2, the corresponding equations of transformation are

owW(q,a
P = ( ) Ay e e
aq, (Note: the indices inside W(q, P) are
W (q,a being suppressed.)
0= 20) (T2)
o,
GW(q, 05)
Now, since W(q, P) is time-independent, p =0 and we have

H ql.,a—W +6 =K =¢,
0q. Ot
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Hamilton’s Characteristic Function

W(q,P) is called the Hamilton’s Characteristic Function and

is the partial differential equation (Hamilton-Jacobi Equation) for W.
Here, we have n independent constants ¢; (with ¢, = H) in determining

this partial diff. eq.

And, through Eqs T1 and T2, W generates the desired canonical

transformation in which all transformed momenta are constants !
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Hamilton’s Characteristic Function

In the transformed variables (QZ ,P ), K = ¢, and the EOM is given by

the Hamilton’s Equations,

1? = _6_K =0 or P = (asrequired)
6Ql l l
" da, |0, il
By integrating, this immediately gives,
O =t+p where [ are some integration
Q= p, i#l constants determined by ICs.

Note that (), is basically time and its conjugate momenta P, = ¢, = K is the

Hamiltonian.



Hamilton’s Characteristic Function

By solving the H-J Eq, we can obtain W(q, a)

Then, to get a solution for (qi » D; ), we use the transformation equations

(T1 & T2),
o) g fioh i
. (, : )
P; can be directly evaluated d; can be solved by taking the
by taking the derivatives of W derivatives of W on the RHR and

inverting the equation

- J

The set of 2n constants (al. , ,Bl) are fixed through the 2n initial
conditions {6],- (0), p, (O)}
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Hamilton’s Characteristic Function

When the Hamiltonian does not dependent on time explicitly, one can use

either

- The Hamilton Principal Function § (q, P, t) or
- The Hamilton Characteristic Function W(q, P)

to solve a particular mechanics problem using the H-J equation and they

are related by:
S(q, P,t) = W(q,P) -yt

Note: As we have seen earlier, the Hamilton Principal Function can be
used when H dep on time explicitly but not the HCF.
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Action-Angle Variables in 1dof =

- Often time, for a system which oscillates in time, we
might not be interested in the details about the EOM
but we just want information about the frequencies ¢ g

of its oscillations.

- The H-J procedure in terms of the Hamilton Characteristic Function can

be a powerful method in doing that.

- To get a sense on the power of the technique, we will examine the simple

case when we have only one degree of freedom.

- We continue to assume a conservative system with A = ¢, beinga

constant
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Action-Angle Variables in 1dof

Let say we know that the dynamic of a system is periodic so that

q(t+T)=q(¢)
Recall from our discussion for a pendulum on dynamical systems, we have

two possible periodic states:

libration rotation
’”@T O %T -
N\
7 0 ®
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Action-Angle Variables in 1dof

- Now, we introduce a new variable

J=<j5pdq

called the Action Variable, where the path integral is taken over one full

cycle of the periodic motion.

- Now, since the Hamiltonian is a constant, we have

H(Qap) :al

- Then, by inverting the above equation to solve for p, we have

p=p(qx)
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Action-Angle Variables in 1dof

- Then, we “integrate out” the g dependence in

J=¢p(q.04)dg

One can then write that J is a function of ¢, alone or vice versa,
o =H=H (J )
Since J is a function of the constant ¢, alone, it is itself a constant.

* - Now, instead of requiring our new momenta P to be ¢, , we requires

P =J (another constant instead of ¢, )
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Action-Angle Variables in 1dof

- Then, our Hamilton Characteristic Function can be written as
w=w(q,J)

- From the transformation equations, the generalized coordinate Q

corresponding to P is given by Eq. T2

oW
OP
- Enforcing our new momenta P to be J and calling its conjugate coordinate w,
we have
ow
W=—-
oJ

- Here, in this context, w is called the Angle Variable.
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Action-Angle Variables in 1dof

- Note, since the generating function W(q, P) is time independent, the

Hamiltonian in the transformed coordinate K = H so that
a=H=H(J)=K(J)
- Correspondingly, using the Hamilton Equations, the EOM for w is,

_OK(J)
w= . —V(J)

- Now, since K is a constant, its partial derivative with J will also be a constant

function of J , calling it v (J )

s
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Action-Angle Variables in 1dof

W= v(J )
The above diff. eq. can be immediately integrated to get
w=vt+[

where /3 is an integration constant depending on IC.

- Thus, this Angle Variable w is a linear function of time !
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Action-Angle Variables in 1dof

Now, let integrate w over one period T of the periodic motion.

Aw:qja’w: jT%V dq

Using the transformation equation, = @_W, we then have,
oJ
oW
Aw= dg

&qa)
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Action-Angle Variables in 1dof

Since J is a constant with no g dependence, we can move the derivative

wrt J outside of the g integral,

ow
Aw= dq
@faq df aq
. . , ow .
Then, using the other transformation equation, p = 5_ , We can write,
q

d
Aw=d—]q;>pdq=— =1



Action-Angle Variables in 1dof

Aw=1
This result means that w changes by unity as g goes through a complete

period T. Then, since we have w=vf+ ,B, we can write

A=w(T)—w(0)=vT =1

‘ - V(J ) — 1/ T gives the frequency of the periodic

oscillation associated with g !

- and it can be directly evaluated thru

()= &) e

without finding the complete EOM
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Action-Angle Variables in 1dof: Example

Let consider a linear harmonic oscillator given by the Hamiltonian,

5 Motion is periodic in q )
m
szp; +E a)2q2 = O 1is the const total E
m
a):\/k/ m is the natural freq
Solving for p, we have, N /
p= \/ 2ma-m'a q

Then, we can substitute this into the integral for the Action Variable,

J=§f>\/2ma—m2a)2q2 dq
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Action-Angle Variables in 1dof: Example

Using the following coordinate change,

’20{ :
q= >
ma

The integrand can be simplified,

2 2 24 B 20
\/Zma—m wq dq—\/Zma ma)z(mwzjsm e/ma)z (cos 0d0)

. 5 20
—\/Zma(l—sm 9) /ma)z (cos6’d6?)
5 20 20
—\/Zmaoos 12 /ma)z (oos@dé’)— a)COS > 0do
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Action-Angle Variables in 1dof: Example

Putting this back into our integral for the Action Variable, we have,

J="2cos’ 0d6
@ 0
This gives,
20
J=—r
0,

Inverting to solve for ¢ in terms of J, we have,

aEHzK:J—a)
27
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Action-Angle Variables in 1dof: Example

Finally, applying our result for y using Eq. (*), we have

V_@K_@ Jw o
a A\2r) 2x
Thus,
o 1 |k
V=—=—|—
27 2m\m

Here, we have derived the frequency of the linear harmonic oscillator by only

calculating the Action Variable without explicitly solving for the EOM !



