PHYS 705: Classical Mechanics

Canonical Transformation II
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Example: Harmonic Oscillator

oL . Z
p=—=mx —> X=—
ox m
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Define o = k/m or o’m=k > | H= + xzz—(p2+m2a)2x2)
2m 2 2m

Since U does not dep on X and x > xdoes not dep t explicitly, H = E .
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Example: Harmonic Oscillator

Application of the Hamilton’s Equations give,

. OH
x = — = £
op m
: oH 2m’ @’ 5
p=——"=- X=—mmx
ox 2m
o = 1 ( >+ m x> ) Combining the two equations, we have the
2m standard equation for SHO: X+ @’x =0

Notice that the system is not cyclic with the original variable x. We will
attempt to find a canonical transformation from (x, p) to (X, P) such that X

is cyclic so that P is constant.
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Example: Harmonic Oscillator
1

With the form of H as sums of squares H = 2—( ‘+mia’x’ ), we will try
m
to exploit sin®+cos® =1
P
- Let try p:g(P)cos(X) x:g( )sin(X) ()

mae

Substituting these into our Hamiltonian, we have Xis cyclicin K'!
I (P) . (P )
K=—1/| g*(P)cos’ X +m’ &’ L 2( 2) sin® X |=& (P)
2m m-@ 2m

Now, we need to find the right g(P) such that the transformation is canonical.
- Try the following type 1 generating function: F = F(x, X,?)

(with x and X being the indep vars)
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Example: Harmonic Oscillator

As in previous examples, we will try to write p (now the dep var for F) in

terms of the (indep var) (x, X) by dividing the two equations in CT:

D McosX

—= = tX —
r MSiHX(l/mw) Moo or  p=mmwxcotX

For F to be a canonical transformation, it has to satisfy the partial derivative

relations (Type 1in Table 9.1 in G):

OF oF
p = — P = —_——
Ox oX
The first partial derivative equation (left) gives:
OF mox’

—:p:ma)xcotX ‘ F:F(X,X,t): cot X

Oox



Example: Harmonic Oscillator [F:F(X,X,t):maz’xz CotX]

With this trial solution for F , we can substitute it into the 274 partial

derivative relation to get an expression for the other CT:

aF 2 2
p__o" | P:_ma)x ( 1 j:ma)x 1

oX 2 | sin?x 2 sin’ X

Solving for x (old) in term of (X , P ) (new), we have:

P . /
x> =2—-sin" X ‘ X = 2_PsinX
ma mao




Example: Harmonic Oscillator

To get the second transformation for p (old) in terms of (X , P ) (new), we can

use our previous relation ( p =mmxcot X ) and our newly derived x (X , P ) eq:

X = /Z_PsinX/\
ma

p=mwxcotX

/ZP .
pzma)( —s1ancotX:\/2ma)PcosX
maw

p =~2mawP cos X




Example: Harmonic Oscillator

Since we explicitly calculated this pair of transformations {x (X , P ) , D (X , P )}

using the appropriate generating function, they are canonical:

X = /2_P sin X p =~2mwP cos X
mao

By comparing with our original transformation equation (Eq. (*)), we have:

- _g(P).

X = sin X

X mao gives g(P)Z 2maP (*')
p=g(P)cos X

g’ (P) _2moP _
2m 2m

P

Then, the transformed Hamiltonian is: K =




Example: Harmonic Oscillator | oF _, J
Ot

With the transformed Hamiltonian K = wP = H = E, the Hamilton’s

Equations give,

Pz—a—K:O (X is cyclic) X:a—:a) [ dependsonIC]
oX OP /
— | P =const - | X=wt+al

**Notice how simple the EOM are in the new transformed cyclic variables. In
most application, the goal is to find a new set of canonical variables so that

there are as many cyclic variables as possible.

**P is just the rescaled total energy £ and X is just a rescaled and shifted time.

o (P , X ) is an example of an Action-Angle pair of canonical variables.
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Example: Harmonic Oscillator

Using the inverse transform:

X = /2_P sin X p=~N2mwP cos X
maw

The EOM in ( X, P) can be written in terms of the original variable:

X =wt+a P = const

2P .
X = —sm(a)t+a)
\ o

p =~N2moP cos(wt +a)



Example: Harmonic Oscillator

Thenwith K =P =E

T nsz sin (et + ) X=ot+a
p=mcos(a)t+a) P = const
P A o
2mE —

Phase Space area E
/- \ X is invariant! o
\/ > 2rE
/Y area =
[0

maw o




“Symplectic” Approach & Poisson Bracket

Let consider a time-independent canonical transformation:

Qf - Qf (q’p ) (We assume the transformation
_ not explicitly depending on time
pj — pj (q, p) plicitly dep g )

Now, let consider the full-time derivative of QO i

_ = q. + P;  (E’s sum rule over 1)

dt aq, p,

Using the Hamilton’s equations, we can rewrite the equation as:

0,

00, 0H 090, oH
0q; dp; p; 0Oq,

(*) (E’s sum rule over i)

0,



“Symplectic” Approach & Poisson Bracket

Now, if the transformation is canonical, we also must have

Q _ oK _ oH (Note: K =H W = H since canonical
78 P, ) P, trans does not dep on time explicitly)

Using the inverse transform ¢, =g .(Q, P), p;, = p,(Q, P), we can consider

H (the original Hamiltonian) as a function of Q and P, i.e,
H=H(q(0.P),p(Q.P))

Then, we can evaluate the RHS of the equation for QO ; in the 1%t line as:

_OH OH 0g, +8H op,

OP.  0q, OP.  Op, OP,

0,



“Symplectic” Approach & Poisson Bracket

Comparing the two expressions for Q » Eq. (%) and (%),

00, 6H 00, oH
dq, Op;  Op; 0,

. oq. oH Op. oH
(*) Qj: . +pl

(+%)
oF, dq,  OP, p,

0,
we must have the following equalities for all (i , ] ) pairs:
[591) :(%j AND [Zij :_(%j
8qi q.p aI)J O,P Pi q.p JJo,p

(subscripts denote the functional dependence of the quantities)

Similar considerations for PJ will give a different but similar pairs of relations:

[aij (ai] D [@i] [aij
oq; ), , 0, ), Pi )y, \99 ),
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“Symplectic” Approach & Poisson Bracket

o0, (op,

5% q,p_ an 0,P

&)

o, ), 0Q; ), »

These four conditions for various (i , ] ) are called the “direct conditions” for a

canonical transformation.



Poisson Bracket

For any two function (X, y) and v (x, y) depending on x and y the Poisson

Bracket is defined as:

(u,v] = Ou |[ Ov | | ou || Ov (E’s sum rule
>y T 5xj 8yj ayj 8xj for n dof)

PB is analogous to the Commutator in QM:

| 1
i_h[[u, V]] = l_h (UV - VU) where u and v are two QM operators
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Some Basic Property of Poisson Brackets

General properties for Poisson brackets with respect to an arbitrary pair of

variables (x, y) (not necessarily canonical variables):

. :u, u] =0 (the x, y subscripts are suppressed here)
. :u, v] —_ [v, u] (anti-symmetric)

. :au +bv, w] =a [u, w] +b [v, w] (linearity)

o :uv, w] = [u, w] v+u [v, w] (distributive)

. :u, [v, w]] n [v, [W,u]] n [W, [u, v]] —0  (Jacobi’s Identity)

u,v,w are some arbitrary functions of (x , y) and a & b are some constants.



“Symplectic” Approach & Poisson Bracket

Now, if we substitute the canonical variables themselves as (u, v) & (x, y) , we have:

c Lapa] =P =0 -

¢ :qjapkl],p — _|:pj9Qk:|q’p :§jk

These are called the Fundamental Poisson Brackets.

And, under a canonical transformation (g, p) = (0O, P), we can also show that:

y _Qjan] |:P]9Pk:|q,p20
* Q], k:l _|:P]'9Qk:|q’p:5jk

The Fundamental Poisson Brackets are invariant under a CT'!



.l
Fundamental Poisson Brackets & CT

/\, (E’s sum rule on i index)

_ aQJ’ an _ aQj an an aqz' _ aQJ’ api — _aQJ =0
r aqi 5]91' api 6% 6% aPk ap i aPk aPk

10,0, |

_opon P on AOP, &g, 0P, op _ 0P

PR =5 e a0, "
J “r  0q, Op, Op, 0q, \Xi% 0Q, op, 00, 00,

0.7 _90, 0B, _ 90, 0R, )00, &q, 00, ip, _ 00, _
7t ar ag, dp,  op, 0g,<0q, 00, op, 00, 00, "
[Pj, 0, :|q,p = —[Qk,Pj l],p = —5jk Using the Direct

Conditions of the CT

The Fundamental Poisson Brackets are invariant under a CT'!
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“Symplectic” Approach & Poisson Bracket

A general Poisson Bracket [u, V]q,p is invariant under a CT: (q, p) —> (Q, P )

(time-invariant case) !
_Ou Ov Ou Ov

[u’V]Q,P = B
00, OP,  OF, 80,

| ou 9q, N ou Op; |[ ov 0gq, N dv Op, | | ou aq, N ou Ip, | ov oq, N ov op,
0q; 00, dp; 00, )\ 0q, OF,  0Op, OF ) \ dq; ok dp, ok )\ Oq, 00, 0p, 00,

multiply out and regroup

ou Ov ou Ov
=———14:-9 ~ <~ |4-P —— — 1 4P — | PP
aqjgk[J k]QP a]ak[f k:|QP @pjak[k J:|Qp ajapk[J k:IQP
v v OV OOV _r,
oq,0p, " op;0q, " 0q,0p, op,oq; - "
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“Symplectic” Approach & Poisson Bracket

The invariant of the Poisson brackets under the CT of the canonical variables

defines the “symplectic” structure of phase space.
[w.v]y, =[],
[Qj,ljk}q,p = [qf’pk:|Q,P = 5jk

Thus, in general, if we are calculating a Poisson Bracket with respect to a pair of

canonical variable, we can drop the ¢,p subscript.

] = [u]
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“Symplectic” Approach & Poisson Bracket

Note that this symplectic structure for the canonical transformation can also be

expressed elegantly using the matrix notation that we have introduced earlier :

Recall that the Hamilton Equations can be written in a matrix form,

with =4, Nin = P> J=1-,n

(6Hj _OH [8Hj oH. (0 Ij
— | T3 > — — > an =
o). 0q, o)., P, -1 0



“Symplectic” Approach & Poisson Bracket

Now, let C the 2n-column vector corresponding to the new set of canonical

coordinates O, P,

And, we can write a transformation from (q, p) 2 (Q, P) as a vector equation:

c=¢(n) oS

Then, by chain rule, the time derivatives of the variables are related by:

Ay . o¢, .
C=Mn where M, =—Ln,, j.k=1--2n
on,
(M, is the Jacobian matrix)

Substituting the Hamilton Equation back into above, we have:

t=my
on
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“Symplectic” Approach & Poisson Bracket

Considering the inverse transformation (Q, P) 2 (g, p) and by chain rule, we

can rewrite the right most factor as: o N
Previously, :
oH _oH o¢, (T g,
= sum over - : :
on, 0g, on, 677] me=Myn, | k=] k
e - Loy
0, in matrix no n: ere,
o oHjoc, M,
OH M7 OH OoH 0¢, _ oH M, ki
. = o¢, on, O k—
51] 8§ (k 77] é/k [ ] ~L /

Putting this back into our dynamic equation, we have,

{=MIM’ of
g



“Symplectic” Approach & Poisson Bracket

Now, if the coordinate transformation C = Z;(I]) is canonical, then the

Hamiltonian equation must also be satisfied in the new set of coordinates:

é:Ja_H
oq
oH

Comparing this equation with our previous equation: C =MJIJM' —

We can see that in order for &= Q('l) to be a valid canonical

transformation, we need to have M satisfying the following condition:

MM’ =J (this condi.tion.is typica?ly easier to use
than the direction condition for a CT)
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“Symplectic” Approach & Poisson Bracket

In terms of these matrix notation, we can also write the Poisson bracket as,

8u 8\/
1l on

[u.v], =

And if § = C(T]) is a canonical transformation, then Fundamental

Poisson Brackets can simply written as,

&8, =[nn], =
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Poisson Bracket & Dynamics
Consider some physical quantity u as a function of the PS variables u =u(q, p,t) :

- Its full time derivative is given by:

du Ou . Ou . Ou
i og, P e

_oH . _ oH

- Applying the Hamilton’s Equations: ¢, e P, = .

du ou OH ou OH 8u
dt Gq] op; 8 aq] ot

Y

[u,H]q’p
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Poisson Bracket & Dynamics

So, we arrived at the following general equation of time evolution for u(t):

- We have explicitly written this equation without reference to any
particular set of canonical variables to emphasize the fact that the form of
the equation is invariant to any canonical transformations

- Obviously, we need to use the appropriate Hamiltonian in the given

coordinates.
Applying the above equation with u = H, we have [H ,H ] =( and:

dH oH
dt ot




Poisson Bracket & Dynamics

General Comments:

1.If u=gq; or p,,we get back the Hamilton’s Equations:

OoH OoH
=g, H |=— and p, =|p,.H|=—7— (hw)
9,=[9,1]=7, b=l )=
. L du

2. If u is a constant of motion, i.e., 7 =0
4
du ou ou
n=—-=\u,H|+— m==) u,H|=——
dt . 1] Ot [ ] ot
.. .. ou
Conversely, for u explicitly not depends on time, i.e., 8_ =0,
4
du

— =0 & [u,H]=0
dt
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Poisson Bracket & Dynamics

The PB is analogous to the Commutator in QM:

CM QM
(u is some quantum

- 1
[u, H ] l_hII”’ H ]] observable here)
(Poisson Bracket) (QM Commutator)

- The Heisenberg equation of motion for u in QM is given by:

(assume u has no explicit
u

"ot
- The statement on the vanishing of the Poisson bracket for u being a

zh——[[u H]]

time dependence, i.e., =~ = ()

constant of motion in CM (a conserved quantity) corresponds to the

statement that u commute with H in QM : [[u, H ]] =0
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Poisson Bracket & Dynamics

3. Poisson’s Theorem

- Let u, v be two constants of motion, i.e., [u, H] = [V, H] =0

Then, [u, V] i1s another constant of motion ! (Jacob’s Identity)
(//
Check: [[u,v] ,H] = —[H, [u,v]] = [u, [v,HH + [v, [H,u]]
— [uaw} _[VDM] = O

4. Assume that u does not explicitly depend on time so that

du
—=|u,H| (*
o lu,H| (*)
- Now, let Taylor’s expand u(t) around u(0) for t small:

t* d*u

du
u(t)=u(0)+r—| +
(£ =u(0) dt|, 2!dt’

+ ..

0
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Poisson Bracket & Dynamics

- Using Eq (*), we have @
dt

— [u, H ]0 (evaluated at t = 0)
0

2 ()
o di\ di

- Substituting these two terms and similar ones into our Taylor’s expansion

2
And, du
dt’

— [[u,H] ,H]() (evaluated at t = 0)

0

for u(t), we have,

u(t) = u(0) +t[u, H], +t2—2![[u,H],H]O ...
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Poisson Bracket & Dynamics

u(t) = u(0) +t[u, H], +t2—2![[u,H],H]0 ...

|:> So, one can formally write down the time evolution of u(t) as a series

solution in terms of the Poisson brackets evaluated att = 0!

The Hamiltonian is the generator of the system’s motion in time !
|:> This has a direct correspondence to the QM interpretation of H:

- The above Taylor’s expansion can be written as an “operator” eq:

u(t) = eﬁtu(O) |u(t)> X |u(0)>

- S—)
where H u (0) = [u, H :”0 (QM propagator)
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Poisson Bracket & Dynamics

A simple example in applying to a freely falling particle: u =z

2

P

2m T
z

H="—+mgz

2(6) = 2(0) + £z, H], +t2—2![[z,H], i) v

Now, we evaluate the different PBs:

)= ST [z 1] 1] =0

OlzyH]oH 0|z, H|oH 1 -
[ ]]_ / op op az——;'mg——g
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Poisson Bracket & Dynamics

2

Hzp—+mgz
2m z

At r =0, we have initial conditions: z(O) =Z,, p(O) =D

P
[2,H], =2 [zH].H] =-¢ |[[zH].H].H] =0
Substituting them into the expansion,
t2
2(t)=z(0)+1[z,H], +2—!|:[Z,H],H]0 oo

We then have,

z(t) = z, B0, Ep
m 2



