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s, Equations 7.21 and 7.22 can be integrated (o
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The equations of motion expressed by Equations 7.21 and 7.22 are clearly
simpler than those of Equations 7.24 and 7.25. We should choose Cariesian co-
ordinates as the generalized coordinates to solve this problem. The key in
recognizing this was that the potential energy of the system only depended on the
y coordinate. In polar coordinates, the potential energy depended on both rand 6.

A particle of mass m is constrained to move on the inside surface of a smooth
cone of half-angle a (see Figure 7-2). The particle is subject to a n:ﬁ.:x:c:m_
force. Determine a set of generalized coordinates and determine the con-
straints. Find Lagrange's equations of motion, Equation 7.18.

M.&:&e:. v—a\ﬂ” the axis of the cone correspond 10 the z-axis and let the apex of
€ con ated : igin. S; .
metry sa.... t Cnmx.nmh: :M. ongin. Since the problem possesses cylindrical sym-
Y. we choose 1, 6, and z as the generali; ordi . er,
. . Z neralized coordinates. We have, however,
the equation of constraint cs. We have,

1= reota (7.26)
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FIGURE 7-2 Example 7.4. A smooth cone of half-an
generalized coordinates.

gle a. We choose r, 8, and z as the

so there are only two degrees of freedom for the system, and therefore only two
proper generalized coordinates. We may use Equation 7.26 to eliminate either the
coordinate z or r; we choose to do the former. Then the square of the velocity is
vi= 24 %t 4ozt

=2+ 7202 + Peotla
Pescla + r20? (7.27)

The potential energy (if we choose U= 0atz=0) is

'= mgz = mgrcot a
so the Langrangian is

.
L= 2m (i cscia + r9%) — mgrcot a (7.28)
We note first that L does not explicitly contain 8. Therefore 4L/8 = 0, and
the Lagrange equation for the coordinate 8 is

d al.
—_—— = )
dtod
Hence
M.w = m wum = constant (1.29)

o0
But mr0 = mrieis just the angular momentum about the z-axis. Therefore, _
Equation 7,29 ».z_:..”f.:.,... the conservation of angular momentum about the axis
of symmetry of the system.
The Lagrange equation for ris

oL _doL_, (7.30)
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Calculating the derivatives, we find

7 — r@?sinla + gsina cosa = 0 (7.31)

for the coordinate 7.

which is the equation of motion . .
ple in Section 8.10 and examine the motion in

‘We shall return to this exam
more detail.

The point of support of a simple pendulum of length b moves on a massless rim
of radius a rotating with constant angular velocity @. Obtain the expression for
the Cartesian components of the velocity and acceleration of the mass .
Obtain also the angular acceleration for the angle 6 shown in Figure 7-3.

Solution. We choose the origin of our coordinate system to be at the center of
the rotating rim. The Cartesian components of mass m become

x=acos wl+ bsind

y= asin wt— bcos b (7.32)

The velocities are
%= —aw sin wt+ bd cos O 733
wuanomen+w¢.mm:¢ (7.53)

FIGURE 7-3 Ex :
xample 7.5. A simple pendulum is attached to a rotating rim.

7.4 LAGRANGE'S EQUATIONS OF MOTI
ON IN GENERAL | ,
ZED COORDINATES

Taking the time derivative once 3gain gives the accel
€leration:

X = —aw?cos wt + b(6 cos § ~ 6%sin 8)

Y = —aw?sin wi + b(0 sin @ + mmncas

It should now be clear that the sin

le i . ;
potential energies are gl¢ generalized coordinate is 6. The kinetic and

B Bty 585 - e
T= WSCL + 5%

U= mgy
where U= 0 at y = 0. The Lagrangian is

m.o, . 359 -
L=T-U= WTKEN + 5°0% + 2b8aw sin (0 — wt)]

—mg(a sin wt — b cos 6) (7.34)
The derivatives for the Lagrange equation of motion for 8 are
d oL o3 .
Nu& = mb*0 + mbaw(6 — w) cos(f — wi)
aL :
@m = mbbaw cos(d — wt) — mgbsin 6
which results in the equation of motion (after solving for )
g = Ev.a cos(f — wi) — mwm: 0 (7.35)

Notice that this result reduces to the well-known equation of motion for a sim-
ple pendulum if w = 0.

Find the frequency of small oscillations of a simple pendulum placed in a rail-
road car that has a constant acceleration a in the x-direction.

Solution. A schematic diagram is shown in Figure 7-4a for the pendulum of
length ¢, mass m, and displacement angle 6. We choose a fixed cartesian coordi-
nate system with x = 0 and & = w,at ¢ = 0. The position and velocity of m become
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wl + mi. + ¢sin 6
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