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208 secTion 6-2

For the sake of simplicity, suppose that the volume V of the system is its
only relevant external parameter. An isolated system of this kind consists
then of & given number N of particles in & specified volume ¥, the constant
energy of the system being known to lie in some range between B and E + 8E.
Probability statements are then made with reference to ar ensemble which
consists of many such systems, all consisting of this numbsr N of particles in
this volume V, and all with their energy lying in the range between E and
E + $E. The fundamental statistical postulate asserts that in an equilibrium
situation the system is equally likely to be found in any one of its accessible
states. Thus, if the energy of & system in state 7 is denoted by B, the prob-
ability P, of finding the system in state r is given by

¢ HE<E <E+E

P, = 0 otherwise

(6-1-1)
where (' is a constant. It can be determined by the normalization condition
that TP, = 1 when summed over all accessible states in the range between
E and E + 3E. .

An ensemble representing an isolated system in equilibrium consists then
of systems distributed in sccordance with (8-1.1). It is sometimes called &
“microcanonical’”’ ensemble.

6-2 ‘Sy.sbtem in contact with a heat reservoir

————ﬁiﬁjconsider'bhe—eme—ﬁf a small-system A4 in thermaiintersction with a heat

reservoir 4’. This is the situation already discussed in Sec. 3-8 where 4 & A,
i.e., where A has many fewer degrees of freedom than 4. The systerm 4 may
be any relatively small macroscopic system. (For example, it may be & bot“de
of wine immersed in-8 swimming pool, the pool acting as & heat reservoir.)

" Sometimes it may also be a distinguishable microscopic system which can be
clearly identified.* (For example, it may be an atom at some Iattice site in &
solid, the solid acting as a heat reservoir.) We ask the following question:
Under conditions of equilibrium, what is the probability P, of finding the system
A in‘any one particular microstate r of energy E,?

This question is immediately answered by the same reagoning as was usefl
inSec. 3-3. We again assume weak interaction between 4 and A’ 80 that their
energies are additive. The energy of 4 is, of course, not fixed. It is only the
total energy of the combined system A = A + A’ which has a constant
value in some range between E® and E©® + 3E. The conservation of energy
can then be written as

E, + E = E® (®-21)

where E' denotes the energy of the reservoir 4’. When 4 has an energy E,,

» The qualifying remark is introduced because it may not always be possible to label

-

SYSTEM IN CONTACT WITH A HEAT RESERVOIR L 2¢

the reservoir A’ must then have an energy near B’ = E@ — E,  Hence, if .
is in the one definite state r, the number of states accessible to the combine
systemn A9 is just the number of states Q'(E® — E,) accessible to 4’ whe
its energy lies in a range 8 near the value E' = E© — E,. But, accordin
to the fundamental statistical postulate, the probability of occurrence in th
ensemble of a situation where A is in state r is simply proportional to th
number of states accessible to A under these conditions. Hence
| 2 P, = C'W(E®™ ~ E,) 6-2:2
where C’ is & constant of proportionality independent of r. As usual, it can b
determined from the normalization condition for probabilities, i.e.,

Y Po=1

where the sum extends over all possible states of A irrespective of energy.

Up to now, our discussion has been completely general. Let us now make
use of the fact that 4 is & very much smaller system than A, Then E. « E©
and (6-2-2) can be approximated by expanding the slowly varying logarithm
of @'(E") about the value E' = E®. Thus

(6-2.3

14
In W(E® ~ ) = In @/(E©) -'-[a L ] B (6-2-4)
g
w—————Rince A" 4cts a8 & heat reservoir, E, & E® and higher-ordes-terms in-the
T expansion can be neglected. The derivative
alnq
{ a%*' ]0 .y 6-2-5)

is evaluated at the fixed energy E' = E®™ and is thus & constant independent
of the energy E, of 4. By (3-3-10) it is just the constant temperature
parameter § = (kT)~! characterizing the heat reservotr A’. (Physically, this
means that the reservoir 4’ is so large compared to A that its temperature
remains unaffected by whatever small amount of energy it gives to A.) Hence
(6-2-4) becomes

In Q(E® — E,) = In Q(E®) — BE,

o Q(E® — E,) = Q(EO) ¢85 (6-2-8)
Since §'(E®™) is just a constant independent of r, (8-2-2) becomes then simply
> P, = Ce?*: (6-2:7)

where € is some constant of proportionality independent of ». Using the
normalization condition (6-2-3), C is determined by the relation

Fa 25N RO L QO] 4
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