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USING COMPLEX VARIABLES TO ESTIMATE DERIVATIVES
OF REAL FUNCTIONS*

WILLIAM SQUIREt AND GEORGE TRAPPT

Abstract. A method Lo d.ppluxllud.(:e derivalives ol real funLLmn:. using cowplex variables
which avoids Lhe sublractive cancellation errors inherent in the (.las:.leq,l derivalive approximalions
is desaribed. Numerical examples illusiraling Lhe power of the approximaltion are presented.

[

Key words. divided difference, subtractive cancellation
AMS subject classifications. 65D25, 30E10, 65-04

PII. 5003614459631241X 1

1. Overview. A standard method to approximate the dieri’va.tive of a real valued
function F(z) at the point xp is to use the central differenee; formula

(1) F(z0) ~ (Flzo + b) ~ Flas b)) /2h

The truncation error is O(h?). With most derivative approximations one is faced
with the dilemma of using a small A to minimize the truncation error vs. avoiding
a small h because of the subtractive cancellation error. Work has been done to
improve the answer obtained using equation 1 by analyzing its monotonic behavior
as h goes to zero. It turus out that when the roundoff error becowes significant, the
estilmate from equation (1) oscillates around the correct answer, and this behavior
can be used to select an optimal h; see [1, 5. This approach provides only marginal
improvement, whereas allowing h to take on a complex value results in an entirely
different approximation with unexpected properties.

Using complex variables to develop differentiation formulas originated with Ly-
ness and Moler [2] and Lymness [3]. Since most current numerical analysis textbooks
do not normally cover complex variables, we thought a sample of this work with
representative computations would be of interest. :

In equation (1) we replace h with ih (i = sqrt(—1)). If F is analytic then, letting
I m(F) represent the imaginary part of the function F, the approxlmatlon in (1) can

Formula (2) involves the evaluation of the function at a complex argument, but
it climinates the subtractive cancellation error. One way to understand the approx-
imation in (2) is to recast the problem in terms of functlom of a complex variable.
Let F(z) be an analytic function of the complex variable z; also assume that F is real
on the real axis. F may be expanded in a Taylor series about the real point 4 as
follows:

() F(xo +1h) = F(z0) + hF'(z0) ~ hi’F”(xu) /2! — ih%F(ii) (a) /3! +---.

*Received by the editors July 4, 1996; accepted for publication November 1, 1996.
http:/ /www.siam. org/_]ou:nals/slrev/40-1/31241 html
tWesl Virginia Universily, Morgantown, WV 26506-6330 (lepp(_u.. wvu.edu).
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