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" The Crank-Nicolson method Page 10f2 

~~~.L~l 

Next: Solving tridi&gonfli simyitanC;:Quseql.lgltions Up: FINITEDIFFERENCINGIN (ofl1eg~x}:·SPAC:E 
PRljous: I]l~J~frog method 

Th~ Crank-Nicolson method 

The CnlDk-Nic.olsoD method,solves both the accuracy and the stability problem. Recall the difference 
representation ofthe heat-now equation (27). 

I 'I:+l - 'l{~ = .1 (q:+l -2q: + ttJ:-l) (29) 

Now, instead ofexpressing the right-band side entirely at time I, itwill be averaged at 1 and 1+1., giving 

' 'Ix _.:ll'. = fl [("J:+l_2 <.f.J: +':lJ:-l)+'d'.l+l_'"),}.~ ,+,1·1:-1)] (30)
\ r+J '1f ,,.,, 'z. '1£ '1£ ''1£+ t "''11 +1 "Lt+l... 

This ts called the Crank-Nicolson method. Defining a new parameter a " (l/2,the difJ.erence star is 

: ~-' ' 

I 

I 


-ct 

-a 

2a-l ~,1 

2a+l --ex' , 

:,;. 
(31) 

t 

When placing this star over the data table, note that. typically, three elements at a time cover unknowns. 
To say the same thing with equations, move all the t+ I terms in (30) to the left and the 1 terms to the 
right, obtaining i 

-a.~_t+l + (l + '"'a\.:.J: - ai:l,(-l = a,rt+] + 0 -2a.).:l:X + ai:lx - 1 (32)I '1{+J ' ~F'%(+ 1 2£+ I '1( ", '1[ '1f 

Now think ofthe left side ofequation (32) as containing all the un1cnown quantities and the right side as 
containing alllcnown quantities. Everything on the right can be combined into a single known quantity. 
say, d x• Now we can rewrite equation (32) as a set ofsimultaneous equations. For definiteness., take thet 

x-axis to be limited to five points. Then these equatio~ are: 

\1 ....l~ -a 

! 

i 0 

' 

raj 1IIC'U 0 , 0 '1[+ 1 J1j" 

-a 1+2a -a I 0 0 'l~1 Jl2 

l 
r 

(33)0 -a 1+ 2a -a 0 lql,>+J J :;:::: J! 
o 0 -a 1+2a -a q;"'1 J; 

I 5 5 o 0 0 -a t"risbt 'l[+] J1 

Equation (32) does not give us each qt+lx explicitly" but equation (33) gives them implicitly by the 

solution ofsimultaneous equations. I I 

II' ......... 

I I 

http://sepwww.stanford.edulsep/proflbeilfdmlpaper_htm1lnodelS.html 412812008 
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The Crank-Nicolson method Page 2 of2 
-<"­ " 

The values f'k!ft and c'isM are adjustable and have to do with the side boundary CODditioDS. The 
important thing to notice is that the matrix is tridiagoDal, that i~ except for three cen1ral diagonals all 

ithe elements ofthe matrix in (33)!E The SOlUtion to such a set of simultaneous equations may be• 

economically obtained. It turns out the cost is only about twice that of the exp6cit method given by 
(27). In fact, this implicit method out to be cheaper, since the increased accuracy of(32) over (27) 
allows the use ofa much larger numerical. Choil ofAt.A program that demonstrates tbc stability ofthe 
~ even for large at" is given next. 

I i 

A tridiagoDal simultaneous equation solving subroutine rtris () explained in the next section. The 
results are stable, as you can see. I. 

i.:~~ I 11up' ¢:::l. I eel " ..I ~~~~~ 
Next: So!ving.tridiag()IIal~imlllYmeo~ eqillItions Up: FlNITEDlfFERENJ:INGJN LQ!m!g~x)..SPACE 
Previous: The leapfro~method 
Stanford Exploration Project 
1212612000 
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