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* The Crank-Nicolson method ; ! Page 1 of 2

Next ‘loivmg trldlagonai Sxmultaneeubcquauens Up: FINITE DIFFERENCING IN (omega,x)-SPACE
Previous: The leapfrog method

The Crank-Nicolson method

The Crank-Nlco!son method solves both the accuracy and the stabﬂxty pmblem Recall the difference
representation of the heat-flow equation (27).

| G —ar = gt 297 4477 29)
Now, instead of expressmgthenght—hand side entirely at time #, it will be averaged at 7 and #+1, giving

R ,,H g =2gf ) N - 20 e ] (30)
This is called the Crank-Nicolson method. Defining a new paramete;or": ajb,the difference star is

X B

|

—a| —1| -t

. G1)
- | 20e+1 -—a .

e

When placing this star over the data table, note that, typically, three elements at a time cover unknowns.
To say the same ﬂnngmﬂlequanous,move all the #+1 termsm(a(})tothe left and the £ terms to the
right, obtaining

C e Q2 —agl = et -2e0g0 ey 32)
Now think of the left side of equation (32) as containing all the unknown quantities and the right side as
containing all known quantities. Everything on the right can be combined into a single known quantity,
say, d;*. Now we can rewrite equation (32) as a set of simultaneous equations. For definiteness, take the
x-axis to be limited to five points. Thep these equation§ are:

i o

| et —@ 0 0 O di41 dy
| [—a1+2a — | 0 0 [g§+]] 7
} 0 —a 1420 —a O Dop s = J3 (33)
| [ ¢ 0 -—o 142« o [qf+]J J7
| 0 0 0 —o eagad Lygi, &7

Equation (32) does not give us each g, H’ explicitly, but equation (33) gives them implicitly by the
solution of simultaneous equations. 1 [ ?
|
|

|

http://sepwww stanford.edu/sep/prof/bei/fdm/paper_html/nodel5.html 4/28/2008


http://sepwww.stanford.edulsep/proflbeilfdmlpaper_htm1lnodelS.html

The Crank-Nicolson method N ~ Page2of2
— AN

N

-— bl

The values €& and gkt are adjustable and have to do with the side boundary conditions. The

important thing to notice is that the matrix is tridiagonal, that is, except for three central diagonals all

the elements of the matrix in (33) are zero. The solution to such a set of simultaneous equations may be

economically obtained. It turns out the cost is only about twice that of the explicit method given by

(27). In fact, this implicit method out to be cheaper, since the increased accuracy of (32) over (27)

allows the use of a much larger numerical choice of Ar.A program that demonstrates the stability of the
method, even for large Azt, is given next.

|

A tridiagonal simultaneous equation solving subroutme rtris () explained in the next section. The
results are stable, as you can see.

|

Next' Solving tridiagonal sxmultaneaus equauons Up: FINITE DIFFERENCING IN (pmega,x) -SPACE
Previous: The leapfrog method
Stanford Exploration Project
12/26/2000

http://sepwww .stanford.edu/sep/prof/bei/fdm/paper_html/node15.html , 4/28/2008
I ' . . o 3 |
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