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Quantum scattering with a spherically
symmetric potential

2.1 Introduction

In this chapter, we shall discuss' quantum scattering with a spherically
symmetric potential as a typical example of the problems studied in
computational physics.)-® Scattering experiments are perhaps the most
important tool for obtaining detailed information on the structure of matter, in
particular the interaction between particles. Examples of scattering technigues
include neutron and X-ray scattering for liquids, atoms scattering from crystal
surfaces, elementary particle collisions in' accelerators. In most of these
scattering experiments, a beam of incident particles hits a target which also
consists of many particles. The distribution of scattering particles over the
different directions is then measured, for different energies of the incident
particles. This distribution is the result of many individual scattering events.
Quantum mechanics enables us, in principle, to evaluate for an individual
event the probabilities for the incident particles to be scattered off in different
directions; and this probability is identified with the measured distribution.
Suppose we have an idea of what the potential between the particles
involved in the scattering process might look like, for example from quantum
mechanical energy calculations (programs for this purposc will be discussed
in the next few chapters). We can then parametrise the interaction potential,
ie. we write it as an analytic expression involving a set of constants: the
parameters. If we evaluate the scattering probability as a function of the
scattering angles for different values of these parameters, and compare the

results with experimental scatiering data, we can find those parameter values . 
for which the agreement between theory and experiment is optimal. Of course, * . =

it would be nice if we could evaluate the scattering potential directly from the '
scattering data (this is called the inverse problem), but this is unfortunately .

14



paso
From J. M. Thijssen, Computational Physics (Cambridge University Press, 1999)


arically

ith a spherically
lems studied in
sthaps the most
sture of matter, in
ttering techniques
zring from crystal
In most of these
target which also
particles over the
:s of the incident
scaitering events.
for an individual
ed off in different
:d distribution.
veen the particles
ple from guantum
will be discussed
eraction potential,
of constants: the
a function of the
and compare the
> parameter values
iptimal. Of course,

1 directly from the

is is unfortunately

2.1, Introduction ' 15

d €2

>
2>

>
<

Figure 2.1: Geometry of a scattering process.

very difficult (if not impossible) as many different interaction potentials can
have similar scattering properties as we shall see below.

e Many different motivations for obtaining accurate interaction potentials can
< bégiven. One is that we might use the interaction potential to make predictions
+-about the behaviour of a system consisting of many interacting particles, such
“ “as'a dense gas or a liquid. Methods for doing this will be discussed in chapters 8

j'_'}an_d 10.

-+ Scattering might be elastic or inelastic. In the former case the energy is
conserved, in the latter energy disappears. This means that energy transfer
: -.takes place from the scattered particles to degrees of freedom which are
~not. included explicitly in the system (inclusion of these degrees of freedom
-=wouId cause the energy to be conserved). In this chapter we shall consider
) elastlc scattering. We restrict ourselves furthermore to spherically symmetric
mteractlon potentiais. In chapter 13 we shall briefly discuss scattering in the
- eoiltext of quantum field theory for elementary particles.

We analyse the scattering process of a particle incident on a scattering
re which is usually another particle.! We assume that we know the
scattenng potentlal which is spherically symmetric so that it depends on the
dlstance between the particle and the scattering centre only.

Bl 'an experiment, one typically measures the scattered flux, that is the:
mtensuy of the outgomg beam for various directions which are denoted by the
atial angle O = (0,0) as in figure 2.1. The differential cross section, dQ g (),

: descnbes how these intensifies are distributed over the various spatial angles £
e :__,and the mtegrated flux of the scattered particles is the total cross section, Gyy.
ATl These expenmental quantities are what we want to calculate.

e " EVCFY tWO—pamcle collision can be transformed into a single scattering problem involving
R _l g relatlve position; in the transformed problem the incoming particle has the reduced mass
s _m m;mzf(ml +m2)
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The scattering process 18 described by the solutions of the single-particle
Schrivdinger equation involving the (reduced) mass /m, the relative coordinate r
and the interaction potential V between the particle and the interaction centre:

ﬁZ
-2 V)| v = v, @

This is a partial differential equation in three dimensions, which could be
solved using the ‘brute force’ discretisation methods presented in appendix A,
but exploiting the spherical symmetry of the potential, we can solve the
problem in another, more elegant, way which, moreover, works much faster
on a computer. More specifically, in section 2.3 we shall establish a relation
between the phase shift and the scattering cross sections. In this section,
we shall restrict ourselves 1o a description of the concept of phase shift and
describe how it can be obtained from the solutions of the radial Schrédinger
equation. The expressions for the scattering cross sections will then be used to
build the computer prograrm which is described in section 2.2.

For the potential V{r) we make the assnmption that it vanishes for r larger
than a certain value rpax. In case We are dealing with an asymptotically
decaying potential, we neglect contributions from the potential beyond the
range max, Which must be chosen suitably, or treat the tail in a perturbative

manner as described in problem 2.2.
For a spherically symmetric potential, the solution of the Schridinger

equation can always be written as

o I "
v =3 3 Anvr.e) 22
I

I=0m=—

where u; satisfies the radial Schridinger equation:

{ﬁa‘fﬁ |E-vi- ﬁz“””]}uz(r) —o. @3

2mr?

Figure 2.2 shows the solution of the radial Schrodinger equation with l=0for -
a square well potential for various well depths — our discussion applies also 7
to nonzero values of L. Outside the well, the solution #; can be written as a
linear combination of the two independent solutions j; and ny, the regular and
irregular spherical Bessel functions. We write this linear combination in the ...

particular form

(7 > Finax) o kr[cosdy i (kr) — sindmy (kr)j- (24)
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- Figure 2.2: The radial wave functions for /. = O for various square well potential depths.

: -§'l_iis'de_temljned via amatching procedure at the well boundary. The motivation
r_rrrw.ntmg u; in this form follows from the asymptotic expansion for the
sphgncal Bessel functions:

krji(kr} = sin(kr — In/2) (2.5a)
krng(kr) = — cos(kr — In/2) (2.5b)
k=+2mE/[h
Wthhcan be used to rewrite (2.4) as
u (r) e< sin(kr—In/2+8;), large r (2.6)

We see that Uy approaches a sine-wave form for large r and the phase of this
ave’ is detenmned by 8;, hence the name ‘phase shift’ for 8; (for/ =0 u; isa
1n_t_3 wave for all 7> rimax).

--ab;jih;} shase shift as a function of energy and / contains all the information
_7=.enables uSsct:attermg properties of the potential. In particular, the phase shift
Secnon 2 (]; calculate the scattering cross sections and this will be done in
B ere we simply quote the results. The differential cross section is
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given in terms of the phase shift by
2

da i (21 + 1)e® sin(3;) Pr(cos®) 2.7)
=0 _ 7

do _ 1
e 2

and for the total cross section we find
. do 4 = )
Siox = 2% f dosin0 53.(0) = 5 3,21+ 1)sin”. 2.8)

Summarising the analysis up 1o this point, we see that the potential
determines the phase shift through the solution of the Schrisdinger equation for
r < Fpax. The phase shift acts as an intermediate object between the interaction
potential and the experimental scaitering cross sections, as the latter can be
determined from it.

Unfortunately, the expressions (2.7) and (2.8) ¢
number of terms — hence they cannot be evaluated on the computer exactly.
However, cutting off these sums can be motivated by a physical argument.
Classically, only the waves with an angular momentum smaller than filpax =
Fikrmax Wwill ‘feel’ the potential — particles with higher /-values will pass
by unaffected. Therefore we can -safely cut off the sums at a somewhat
higher value of / — we can always check whether the results obtained change
significantly when taking more terms into account. We shall frequently
lar to the cutting off described here. It is the art
Jduce infinite problems to ones which fit

ontain sums over an infinite

encounter procedures simi
of computational physics 1o cleverly re
into the computer and still provide a reliable description.

How is the phase shift determined in practice? First, the Schrédinger

equation must be integrated fro

(2.4) to fix ;. The matching can be done either via the logarithmic derivative

or using the value of the numerical soluiion at two different points r] and ry -
thod in order to avoid calculating -

beyond #max and we will use the latter me
derivatives. From (2.4) it follows directly that the phase shift is given by

kA @ o
tand; = J’(I) J’(z} with @92)
n ny
@ G
_ ' (2.9b)
M
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In this equation, jlm stands for ji(kr1) etc.

m r = 0 outwards with boundary condition
w (r = 0) = 0. At rmax, the numerical solution must be matched onto the form -
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2.2 A program for calculating cross sections

In this section we describe the construction of a program for calculating cross
sections for a particular scattering problem: hydrogen atoms scattered off
(much heavier) krypton atoms. Both atoms are considered as single particles
and their structure (nucleus and electrons) is not explicitly taken into account.
After completion, we are able to compare the results with experimental data.
The program described here closely follows the work of Toennies ez al. who
carried out various atomic collisions experimentally and modelled the results
- using a similar computer program.’
The program is built up in several steps.

o First, the integration method for solving the radial Schrodinger equation
is programmed. Various numerical methods can be used — we consider in
particular Numerov’s method (see section A.7.1.4).

"o Second, we need routines yielding spherical Bessel functions in order to
© determine the phase shift via the matching procedure Eq. (2.9a). If we
- ‘want to calculate differential cross sections, we need Legendre polynomials
~“too. In section A.2, iterative methods for evaluating special functions are
- discussed.

3 Fmally, we complete the program with a routme for « calculating the cross
: sectlons from the phase shlfts T

7 221 " Numerov’s algorithm for the radial Schridinger equation

“The radial Schrodinger equation is given in Bq. (2.3). We define

F(l,rhE)= V( Y-+ %—E (2.10)
sothattheracllal Schrodinger equation reads now: -
LU .
%Mzmawtmmwm. 2.11)

. Units arg' chosen in which #2/(2m) assumes a reasonable value, that is, not
- [__?Xtremcly 1arge and not extremely small — see below. You can choose a library
Toutine for. Integratmg this equation but if you prefer to write one yourself,
el :'Numerov s method is a. good choice because it combines the simplicity of a
'_'_7'.';regular mesh w1th good efficiency. The Runge-Kutta method can be used if
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you want to fave the freedom of varying the integration step when the potential
changes rapidly —see problem 2.1.

Numerov’s algorithm is described in section A.7.1.4. Tt makes use of the
special structure of this equation to solve it with an error of order h® (h is

the discretisation interval) using only a three-point imethod. For Ai2/2m=1 it
reads: '

o+ ) = 2w(r) —w(r—h)+ i2F (1, E)u(r) 2.12)

and

= -1
u(r) = {1 —%F(l,r,E)} W(r)i ' (2.13)

It is useful to keep several things in mind when coding this algorithm.

e The function F(,7; E), consisting of the energy, potential and centrifugal
barrier, given in Eq. (2.10), is coded into a function F(L,R,E), with L an
integer and R and E being real variables.

e As you can see from Eq. (2.9a), the value of the wave function is needed
for two values of the radial coordinate 7, both beyond 7max- ‘We can take
ry equal to the first integration point beyond Fmax (if the gnd constant h for
the integration fits an integer number of times into Fmax. it is natural to take
ri = Fmax)- 72 is larger than rq and it is advisable to take it roughly half
a wavelength beyond the latter. The wavelength is given by A = 2nfk = "

2nfi/V 2mE. As both rp.and rz are equal to an integer aumber times the o

integration step b — they will 1n general not differ exactly half a wavelength

— the precise values of ry and rp aré determined in the routine and output to -

the appropriate routine parameters.

o The starting value at r = 01s given by u(r=0) =0. We do not know
the value of the derivative. which determines the normalisation of the e
resulting function — this normalisation can be determined afterward. We .
take u(0) = 0 and ui(h) = Bi+1 (h is the integration step), which is the
asymptotic approximation for uy near the origin for a regular potential (for:
the H—Kr interaction potential which diverges strongly near the origin, we

must use a different boundary condition as we shall see below).

- Programming exercise — Write a code for the Numerov algorithm. Th_é;f
. input parameters 10 the routine must include the integration step h the
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radial quantum number 1, the energy E and the radial coordinate ryax; on
output it yields the coordinates ri and ry and the values of the wave function
uy(r) and ui(r2).

p when the potential

1t makes use of the

or of orc;er hﬁ_fh 18 When building a program of some complexity, it is very important to build
d. For fi?/2m =11t B it up step by step and to check every routine extensively. Comparison with
A analytical solutions is then of prime importance. We now describe several
.checks that should be performed after completion of the Numerov routine (it is

2.12)
Jul(r) ( also sensible to test a library routine).
Check 1 The numerical solutions can be compared with analytical solutions
for the case of the three-dimensional harmonic oscillator. Bound states
(2.13) - occur for energies E = Awn{n+3/2), n=20,1,2,... Itis convenient in this

2 - case to choose units such that #iZ/2m = 1. Taklng V(r) = r?, we have

1is algorithm. ““ho = 2 and the lowest state occurs for [ = O with energy E = 3.0, with

* eigenfunction Arexp(—72/2), A being some constant. Using E = 3.0 in

“our numerical integration routine should give us this solution with A =

- exp(h*/2) for the starting conditions described above. Check this for -
: ETvalues up to ra.

tential and centrifugal
F(L,R,E), with L an
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ond Frax- WWE can take
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he routine and output to -

Check 2 -The integration method has an etror of O(h®) — the error found
at the end of a finite interval then turns out to be less than O(r*) (see
-~ problem' A.3). This can be checked by comparing the numerical solution
*for the harmonic oscillator with the exact one. Carry out this comparison

“for several values of N, for example N = 4,8,16,... For N large enough,
the dlfference between the exact and the numerical solutlon should decrease
for éach new value of N by a factor of at least 16. If your program does not
y;q_:Id_tl_ns beh_avmur, there must be an error in the code!

: We' shal] now-turn to the the H-Kr interaction. The two-atom interaction
'}_.'potenna] for” atoms is often modelled by the so—called Lennard-Jones (L)
=_,p0tent1a1 Wh]ch has ‘the following form: '

VLJ(r)_s[(r)u—Z(%)é]. @214

T ThlS form of potennal contams two parameters, € and ¢, and for H-Kr the best
- Values for these are .

= 0. We do not know .
he normalisation of the’
rermined afterward. We'
stion step), which is the
y a regular potennal (for,::_
ongly near the origin, W€ |
111 see below). -

Numerov algorithm. The o

e integration siep b, the - i 8:7_2'5-91‘116'\7 and o =3.57A. (2.15)
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Note that the energies are given in milli- &V! In units of meV and © for energy
and distance respectively, the factor 2m/#? is equal to about 6.12meV o2
The potential used by Toennies ef 4l included small corrections 10 the

Lennard-Jones shape.
:on of the radial Schridinger equation gives

For the LI potential the integrah
problems for smail because of the 1/ 12 divergence at the origin. We avoid

integrating in this region and start at a nonzero radius rpiy Where we use the
analytic approximation of the solution for small 7 1© find the starting values of
the numerical solution. For 7 < 7min, the term 1/ A2 dominates the other terms
in the potential and the energy, so that the Schrisdinger equation reduces to
d*u i ,

| 7= 80— (r) (2.16)

with o = 6.12. The solution of this equation is given by
u(r) = exp'(—Cr”S)

with C = +/€0,/25. This fixes the starting values of the numerical solution at
roin Which should be chosen such that it can safely be assumed that the 1/r12
dominates the remaining terms in the potential; typical values for the starting
&7 valueofr lie between 0.50 and 0.8C (the minimum of the LJ potential 1s found
w atr=2). Inproblem 2.3 the starting solution for the LJ potential is considered
A in more detail. o '

You can adapt your program to the problem at hand by simply changing the
function F(I,n,E) to contain the Lennard-Jones potential and by implementing
the boundary conditions as described. As a check, you can verify that the
solution does not become enormously large or femain very small.

2.17)

2.2.2 The spherical Bessel functions

For the present problem, you need only the first six spherical Bessel functions
ji and ny, and you can type in the explicit expressions directly. If you want
a general roufine for the spherical Bessel functions however, you can use
the recursive procedures described in appendix A - sce also problem A.lL.
Although upward recursion can be unstable for j; (see appendix A), this is not
noticeable for the small I values (up to ! = 6) which we need and you can safely
use the simple upward recursion for both ny and ji (or use a library routing).

— Programming exercise — Write routines for génemting the values of the
spherical Bessel functions ji and ny. On input, the values of | and the -
argument x are specified and on output the value of the appropriate Bessel

function is obtained.
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Check If your program is correct, it should yield the values for js and ns
given in problem A.1. :

2.2.3 Putting the pieces together — results

2 To obtain the scattering cross sections, some extra routines must be added to the
- program. First of all, the phase shift must be extracted from the values ry, u(r)
-and ry, u(rz). This is straightforward using Eq. (2.9a). The total cross section
can then readily be calculated using Eq. (2.8). The choice of #iax must be made
" carefully, preferably keeping the error of the same order as the O{k°) error of
+.the Numerov routine {or the error of your library routine). In problem 2.2 it is
“shown that the deviation in the phase shift caused by cutting off the potential at
Tmax is given by

2m

A8y = — ﬁzkf JJ(kr)VLJ(r yrldr (2.18)

-and th.lS formula can be used to estimate the resulting error in the phase shift or
1o 1mprove the value found for it with a potent1a1 cut-off beyond rpx. A good
value-is Fmax = 5c.

';‘j For the determination of the differential cross section you will need
: :addltlonal routines for the Legendre polynomials.? In the following we shall
' nly descnbe results for the total cross section.

= Programnnng exercise — Add the necessary routines 1o the ones you have
- written so. far and combine them into a program for calculating the total
' 'mss' s’ecﬁc'm.‘ :

O computer program similar to the one described here was used by
L Toenmes etal’ Tto compare the results of scattering experiments with theory.
The ¢ expenment con:nsted of the bombardment of krypton atoms with hydrogen
7 .-_'-:atoms - Figare . 2.3 shows the Lennard—-Jones interaction potential plus the
- "centrifugal barrier £(1+ 1) /72 of the radial Schrodinger equation. For higher
l alues, the potentlal cons1sts essentially of a hard core, a well and a barrier
B Viwmch Is: caused ‘by:the 1/7? centrifugal term in the Schrdinger equation. In
EEE such: apotermal qua31—bound states are possible. These are states which would
=T be: gehuine bound states for a potential for which the barrier does not drop to -

R 1 for 1arger values of r, but remains at its maximum height. You can imagine

i T 'Tae)se can bﬁ geﬂetated'u’smg the recursion relation (I + 1)Pry(x) = (21 + DxPr(x) —
=t U
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Figure 2.3: The effective potential for the Lennard—Jones interaction for various I-
values.

the following to happen when a particle is injected into the potential at precisely - i
this energy: it tunnels through the barrier, remains in the well for a relatively
long time, and then tunnels outward through the barrier in an arbitrary direction
because it has “forgotten’ its original direction. In wave-like terms, the particie
resonates in the well, and this state decays after a relatively long time. This
phenomenon is called ‘scattering resonance’. This means that particles injected
at this energy are strongly scattered and this showsupasa peak in the total cross
section.

Such peaks can be seen figure 2.4, which shows the total cross section as -
a function of the energy calculated with a program as described above. The:
peaks aredue to [ =4, [ = 5 and | = 6 scattering, with energies increasing with :
I. Figure 2.5 finally shows the experimerital results for the total cross section .
for H-Kr. We sec that the agreement is excellent. C

You should be able now to reproduce the data of figure: 2.4 with your

program.

%23  Calculation of scattering cross sections

In this section we derive Egs. (2.7) and (2.8). At a large distance from tﬁé_ .
scattering centre we can make an Ansatz for the wave function. This consiSFS_:__'
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-of the incoming beam and a scattered wave:

!kr

yir) ~ e®T 4 f(e) (2.19)

the-angle between the incoming beam and the line passing through r and
cattering centre. f does not depend on the azimuthal angle ¢ because
! oming wave has azimuthal symmetry, and the spherically symmetric
potential will not generate m # 0 contributions to the scaitered wave. f (8) is
fcalled the scattering amplitude. From the Ansatz it follows that the differential
-"CIfQS:S,SgctLQn is given directly by the square of this amplitude:

total cross section as -
lescribed above. The
srgies increasing with -
he total cross section

‘f—;‘; ={f(0) (2.20)

figure 2.4 with your e
' ' v th the; appropriate normalisation (see for example ref. 6).

i Be)’Oﬂd Tinax, the solution can also be written in the form (2.2) leavmg out

alm % O contnbutlons because of the azimuthal symmetry:

r)— ZAIW(?')
=0 r

sections

rge distance from the : Pi(cos 0) (2.21)

anction. This consists
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Figure 2.5: BExperimental results as obtained by Toennies ef al.” for the total cross

section (arbitrary units) of the scattering of hydrogen atoms by krypton atoms as
function of centre of mass energy.

where we have used the fact that Y{(8,9) is proportional to Fj[cos(0)]. Because
the potential vanishes in the Tegion 7 > ry,y, the solution w (r)/r is given by
the linear combination of the regular and irregular spherical Bessel functions,
and as we have seen this reduces for large 7 to

uy(r) = sin{kr — %t +8). (2.22)

We want to derive the scattering amplitude f(8) by equating the expressions
(2.19) and (2.21) for the wave function. For large » we obtain, using (2.22):

sin(kr — It /2 §)) et

oo e 7_“
E“)A; [ p J Pi(cosB) = ™" + f(0) — (2.23) .

We write the right hand side of this equation as an expansion similar to that in
the left hand side, using the following expression for a plane wave®

e®T = i (21 + 1} ji(kr) Py(cos®). : (2.24)
=0 - :

f(8) can also be written as an expansion in Legendre polynomials:

£6) =Y. fifi(coss),
=0
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ric potential

_ S so that we obtain:

l‘ﬂ:/2+5,3)

ZA [S‘“ - ] (cos0) —

] ikr
3 [(2z+ 1)i’j;(kr)+ﬁ%-} Pi(cos8).  (2.26)
=0

L If we substitute the asymptotic form (2.5) of j; in the right hand side, we find:

SoxA Kr

SRR :..':"'1'-=0

e z [sm( ln/2+51)] Py(cos®) =

¢ (21 —ikr 204+1YN 4,
E){ 2ik ( ) € Jit——— 2k e Pg(COS@). 2.27

"oth-the left and the right hand side of (2.27) contain in- and outgoing spherical .
_ .__.waves (the ‘occurrence of incoming spherical waves does not violate causality:
_,they -arise from the incoming plane wave). For each [, the prefactors of the
: ,mcommg -and outgoing waves should both be equal on both sides in (2.27).
Thm COHdltIOH leads to

*al.” for the total cross
15 by krypton atoms as

to Pi[cos(8)]. Because

on i (r)/r is given-by A= (21415 (2.28)
rical Bessel functions,
' 20+1 45, .
(2.22) - fi= — ¢ 5 sin{3;). (2.29)

uating the expressions
sbtain, using (2.22): .
2

2 (21 + 1)&™ sin(8;) P (cos 8) (2.30)

tkr

f (9)

(2.23)-
. kz

msion similar to that in_

slane wave® e For'the total cross secuon we find, using the orthonormality relations of the

__ i Legendre polynonnals '
). (2.24'1 , i _
R , 2n/d951n8_(8) = 2 204 1)sin?3;. (2.31)

olynomials:






