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✶✳ ❬✸✾✳✻✶❪ ❚❤❡ st❛r ❇❡t❡❧❣❡✉s❡ ❤❛s ❛ s✉r❢❛❝❡ t❡♠♣❡r❛t✉r❡ ♦❢ ✸✵✵✵ ❑ ❛♥❞ ✐s ✻✵✵ t✐♠❡s t❤❡ ❞✐❛♠❡t❡r ♦❢ ♦✉r
s✉♥✳ ✭❛✮ ■❢ ❇❡t❡❧❣❡✉s❡ ✇❡r❡ t♦ r❛❞✐❛t❡ ❛❧❧ ♦❢ ✐ts ❡♥❡r❣② ❛t t❤❡ ♣❡❛❦✲✐♥t❡♥s✐t② ✇❛✈❡❧❡♥❣t❤✱ ❤♦✇ ♠❛♥②
♣❤♦t♦♥s ♣❡r s❡❝♦♥❞ ✇♦✉❧❞ ✐t r❛❞✐❛t❡❄ ✭❜✮ ❋✐♥❞ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♣♦✇❡r r❛❞✐❛t❡❞ ❜② ❇❡t❡❧❣❡✉s❡ t♦ t❤❡
♣♦✇❡r r❛❞✐❛t❡❞ ❜② ♦✉r s✉♥ ✭❛t ✺✽✵✵ ❑✮✳

✷✳ ❬✸✾✳✻✺❪ ❲❤❡♥ ❛ ♣❤♦t♦♥ ✐s ❡♠✐tt❡❞ ❜② ❛♥ ❛t♦♠✱ t❤❡ ❛t♦♠ ♠✉st r❡❝♦✐❧ t♦ ❝♦♥s❡r✈❡ ♠♦♠❡♥t✉♠✳ ❚❤✐s
♠❡❛♥s t❤❛t t❤❡ ♣❤♦t♦♥ ❛♥❞ t❤❡ r❡❝♦✐❧✐♥❣ ❛t♦♠ s❤❛r❡ t❤❡ tr❛♥s✐t✐♦♥ ❡♥❡r❣②✳ ✭❛✮ ❋♦r ❛♥ ❛t♦♠ ✇✐t❤ ♠❛ss
m✱ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡❝t✐♦♥ ∆λ t♦ t❤❡ ♣❤♦t♦♥✬s ✇❛✈❡❧❡♥❣t❤ ❞✉❡ t♦ r❡❝♦✐❧✳ ❆ss✉♠❡ t❤❛t ✇✐t❤♦✉t ❛ r❡❝♦✐❧
t❤❡ ♣❤♦t♦♥✬s ✇❛✈❡❧❡♥❣t❤ ✇♦✉❧❞ ❜❡ λ✳ ✭❜✮ ❊✈❛❧✉❛t❡ t❤❡ ❝♦rr❡❝t✐♦♥ ❢♦r ❛ ❤②❞r♦❣❡♥ ❛t♦♠ ✐♥ ✇❤✐❝❤ ❛♥
❡❧❡❝tr♦♥ ✐♥ t❤❡ nt❤ ❡♥❡r❣② ❧❡✈❡❧ r❡t✉r♥s t♦ t❤❡ ❣r♦✉♥❞ st❛t❡✳

• ▲❡t t❤❡ ❡♥❡r❣② r❡❧❡❛s❡❞ ✐♥ t❤❡ tr❛♥s✐t✐♦♥ ❜❡ ∆E✳ ❲✐t❤♦✉t r❡❝♦✐❧✱ ❛❧❧ t❤✐s ❡♥❡r❣② ❣♦❡s t♦ t❤❡
♣❤♦t♦♥✿

∆E =
hc

λ

❲✐t❤ r❡❝♦✐❧✱ t❤❡ ❡♥❡r❣② ✐s s❤❛r❡❞ ❜② t❤❡ ❛t♦♠ ❛♥❞ t❤❡ ♣❤♦t♦♥✿

∆E =
hc

λ′
+

p2

2m

✇❤❡r❡ p ✐s t❤❡ ❛t♦♠✬s ❛❝q✉✐r❡❞ ♠♦♠❡♥t✉♠✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ∆λ = λ′−λ✳ ❆ss✉♠✐♥❣ t❤❛t t❤❡
❛t♦♠ ✇❛s ✐♥✐t✐❛❧❧② ❛t r❡st✱ t❤❡ t♦t❛❧ ♠♦♠❡♥t✉♠ ♠✉st ❜❡ ③❡r♦ ❛❢t❡r t❤❡ tr❛♥s✐t✐♦♥✿

h

λ′
= p

❚❤❡r❡❢♦r❡✿

∆E =
hc

λ
=

hc

λ′
+

p2

2m
=

hc

λ′
+

h2

2mλ′2
=

hc

λ′

(

1 +
h

2mcλ′

)

λ′ = λ

(

1 +
h

2mcλ′

)

= λ

(

1 +
h

2mcλ
(

1 + h
2mcλ′

)

)

= · · · ≈ λ

(

1 +
h

2mcλ

)

∆λ = λ′ − λ ≈
h

2mc

✸✳ ❬✸✾✳✽✶❪ ❚❤❡ r❛❞✐✐ ♦❢ ❛t♦♠✐❝ ♥✉❝❧❡✐ ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ 5.0 × 10−15 ♠✳ ✭❛✮ ❊st✐♠❛t❡ t❤❡ ♠✐♥✐♠✉♠
✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ♠♦♠❡♥t✉♠ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ✐❢ ✐t ✐s ❝♦♥✜♥❡❞ ✇✐t❤✐♥ ❛ ♥✉❝❧❡✉s✳ ✭❜✮ ❚❛❦❡ t❤✐s ♠♦♠❡♥t✉♠
✉♥❝❡rt❛✐♥t② t♦ ❜❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ t②♣✐❝❛❧ ♠❛❣♥✐t✉❞❡ ♦❢ ❛ ❝♦♥✜♥❡❞ ❡❧❡❝tr♦♥✬s ♠♦♠❡♥t✉♠✳ ❊st✐♠❛t❡
t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❝♦♥✜♥❡❞ ✐♥s✐❞❡ ❛ ♥✉❝❧❡✉s✳ ✭❝✮ ❈♦♠♣❛r❡ t❤❡ ❡st✐♠❛t❡❞ ❦✐♥❡t✐❝ ❡♥❡r❣② t♦
t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❈♦✉❧♦♠❜ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ ❛ ♣r♦t♦♥ ❛♥❞ ❛♥ ❡❧❡❝tr♦♥ s❡♣❛r❛t❡❞ ❜② 5.0×10−15 ♠✳
❈♦✉❧❞ t❤❡r❡ ❜❡ ❡❧❡❝tr♦♥s ✇✐t❤✐♥ t❤❡ ♥✉❝❧❡✉s❄

✭❛✮ ∆p∆x ∼ h ⇒ ∆p ∼ h/∆x ∼ 1.3 × 10−19 ❦❣ ♠✴s ✳✳✳ ❨♦✉ ♠❛② ✇❛♥t t♦ ✉s❡ ~/2 ✐♥st❡❛❞ ♦❢ h
❤❡r❡ ✲ ✐t✬s ♠♦r❡ ❛❝❝✉r❛t❡✱ ❜✉t ❍❡✐s❡♥❜❡r❣ ✉♥❝❡rt❛✐♥t② ✐s ❛♥②✇❛② ✉s❡❢✉❧ ♦♥❧② ❢♦r ♠❛❦✐♥❣ ♦r❞❡r✲♦❢✲
♠❛❣♥✐t✉❞❡ ❡st✐♠❛t❡s✳

✭❜✮ T =
√

(∆p c)2 + (mec2)2 −mec
2 = 3.9× 10−11 ❏

✭❝✮ U ∼ −(e2/4πǫ0)/∆x = 4.6× 10−14 ❏ ✳✳✳ ❑✐♥❡t✐❝ ❡♥❡r❣② ✐s ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r t❤❛♥ ♣♦t❡♥✲
t✐❛❧ ❡♥❡r❣②✱ s♦ t❤❡ ❡❧❡❝tr♦♥ ✐s ❢r❡❡✳

✸✸



✹✳ ❬✸✾✳✽✺❪ ■❢ ②♦✉r ✇❛✈❡❧❡♥❣t❤ ✇❡r❡ ✶✳✵ ♠✱ ②♦✉ ✇♦✉❧❞ ✉♥❞❡r❣♦ ❝♦♥s✐❞❡r❛❜❧❡ ❞✐✛r❛❝t✐♦♥ ✐♥ ♠♦✈✐♥❣ t❤r♦✉❣❤
❛ ❞♦♦r✇❛②✳ ✭❛✮ ❲❤❛t ♠✉st ②♦✉r s♣❡❡❞ ❜❡ ❢♦r ②♦✉ t♦ ❤❛✈❡ t❤✐s ✇❛✈❡❧❡♥❣t❤❄ ❆ss✉♠❡ t❤❛t ②♦✉r ♠❛ss ✐s
✻✵✳✵ ❦❣✳ ✭❜✮ ❆t t❤❡ s♣❡❡❞ ❝❛❧❝✉❧❛t❡❞ ✐♥ ♣❛rt ✭❛✮✱ ❤♦✇ ♠❛♥② ②❡❛rs ✇♦✉❧❞ ✐t t❛❦❡ ②♦✉ t♦ ♠♦✈❡ ✵✳✽ ♠ ✭♦♥❡
st❡♣✮❄ ❲✐❧❧ ②♦✉ ♥♦t✐❝❡ ❞✐✛r❛❝t✐♦♥ ❡✛❡❝ts ❛s ②♦✉ ✇❛❧❦ t❤r♦✉❣❤ ❞♦♦r✇❛②s❄

✭❛✮ ◆♦t❡ ❤♦✇ t❤✐s ✐s r❡❧❛t❡❞ t♦ ❈♦♠♣t♦♥ ❡✛❡❝t ✭❈♦♠♣t♦♥ ✇❛✈❡❧❡♥❣t❤ ✐s λc = h/mc✮✿

p =
h

λ
= mv ⇒ v =

h

mλ
= 1.1× 10−35 ♠✴s

✭❜✮ t = s/v = 7.2 × 1034 s = 2.3 × 1027 ②❡❛rs✳ ❊✈❡♥ ✐❢ ②♦✉ ❝♦✉❧❞ ♠❛✐♥t❛✐♥ ❝♦❤❡r❡♥❝❡ t♦ ❡♥❛❜❧❡
❞✐❢r❛❝t✐♦♥✱ ②♦✉ ❝♦✉❧❞ ♥♦t ♦❜s❡r✈❡ ❛♥②t❤✐♥❣ ❛t s✉❝❤ ❧♦✇ s♣❡❡❞s ❛♥❞ ❧♦♥❣ t✐♠❡ s❝❛❧❡s✳

✺✳ ❬✸✾✳✺✺❪ ❚❤❡ ♥❡❣❛t✐✈❡ ♠✉♦♥ ❤❛s ❛ ❝❤❛r❣❡ ❡q✉❛❧ t♦ t❤❛t ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❜✉t ❛ ♠❛ss t❤❛t ✐s ✷✵✼ t✐♠❡s ❛s
❣r❡❛t✳ ❈♦♥s✐❞❡r ❛ ❤②❞r♦❣❡♥✲❧✐❦❡ ❛t♦♠ ❝♦♥s✐st✐♥❣ ♦❢ ❛ ♣r♦t♦♥ ❛♥❞ ❛ ♠✉♦♥✳ ✭❛✮ ❲❤❛t ✐s t❤❡ r❡❞✉❝❡❞
♠❛ss ♦❢ t❤❡ ❛t♦♠❄ ✭❜✮ ❲❤❛t ✐s t❤❡ ❣r♦✉♥❞✲❧❡✈❡❧ ❡♥❡r❣② ✭✐♥ ❡❧❡❝tr♦♥ ✈♦❧ts✮❄ ✭❝✮ ❲❤❛t ✐s t❤❡ ✇❛✈❡❧❡♥❣t❤
♦❢ r❛❞✐❛t✐♦♥ ❡♠✐tt❡❞ ✐♥ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ t❤❡ n = 2 ❧❡✈❡❧ t♦ t❤❡ n = 1 ❧❡✈❡❧❄

✭❛✮ mp = 1.67× 10−27 ❦❣✱ me = 9.1× 10−31 ❦❣✱ mm = 207me

1

µ
=

1

mp

+
1

mm

⇒ µ =
mpmm

mp +mm

= 1.69× 10−28 ❦❣

✭❜✮ ❋♦r ❛ ♥♦r♠❛❧ ❤②❞r♦❣❡♥ ❛t♦♠✱ t❤❡ ❣r♦✉♥❞✲❧❡✈❡❧ ❡♥❡r❣② ✭♥❡❣❛t✐✈❡ ✐♦♥✐③❛t✐♦♥ ❡♥❡r❣②✮ ✐s✿

E0 = −13.6 ❡❱

❲❡ ♥❡❡❞ t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ E0 ♦♥ ✭r❡❞✉❝❡❞✮ ♠❛ss m ✲ ❛♥❞ tr❛❝❡✲♦✉t t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❇♦❤r✬s
♠♦❞❡❧ t♦ ♦❜t❛✐♥ ✐t✳ ❋♦r ❛ ❝✐r❝✉❧❛r tr❛❥❡❝t♦r② ♦❢ ❛ ♣❛rt✐❝❧❡ ✐♥ ❛ ♣♦t❡♥t✐❛❧ U(r) ∝ 1/r✱ ✐t ✐s ✇❡❧❧
❦♥♦✇♥ t❤❛t ❦✐♥❡t✐❝ T ❛♥❞ ♣♦t❡♥t✐❛❧ U ❡♥❡r❣② ❛r❡ r❡❧❛t❡❞ ❛s U = −2T ✿

U(r) = −
A

r
⇒ F (r) = −

dU

dr
= −

A

r2

mv2

r
= |F (r)| =

A

r2
⇒ T =

mv2

2
=

1

2

A

r
= −

1

2
U

❚❤❡ ❝♦♥st❛♥t A ✐s Ze2/4πǫ0✱ ❜✉t ✇❡ ❞♦♥✬t ♥❡❡❞ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ ❞❡t❛✐❧s✳ ❚❤❡ t♦t❛❧ ❡♥❡r❣② ♦❢ ❛
❇♦❤r✬s ❤②❞r♦❣❡♥ ❛t♦♠ ✐s✿

E0 = U + T = −T = −
mv2

2

❊❧❡❝tr♦♥✬s s♣❡❡❞ v ♠✉st ❞❡♣❡♥❞ ♦♥ ✐ts ✭r❡❞✉❝❡❞✮ ♠❛ss ❜❡❝❛✉s❡ t❤❡ ❛♥❣✉❧❛r ♠♦♠❡♥t✉♠ L = mvr =
n~ ✐s q✉❛♥t✐③❡❞ ✭n = 1 ❢♦r t❤❡ ❣r♦✉♥❞ ❧❡✈❡❧✱ ❛♥❞ ~ = h/2π✮✳ ❯s✐♥❣ ❛❣❛✐♥ U = −2T ✱ ✇❡ ✜♥❞✿

−
mv2

2
= −

A

r
⇒ 2A = mv2r = (mvr)v = (n~)v ⇒ v =

2A

n~

❛♥❞ t❤❡r❡❢♦r❡✿

E0 = −
mv2

2
∝

m

n2

❚❤❡ ❣r♦✉♥❞ st❛t❡ ❡♥❡r❣② ✭n = 1✮ ✐s s✐♠♣❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ ♠❛ss✳ ■♥ ❣❡♥❡r❛❧✱ t❤✐s ✐s t❤❡ r❡❞✉❝❡❞
♠❛ss✿ ✇❤❡♥ t❤❡ t✇♦✲❜♦❞② ♣r♦❜❧❡♠ ✐s ❡①♣r❡ss❡❞ ✐♥ t❤❡ ❝❡♥t❡r✲♦❢✲♠❛ss r❡❢❡r❡♥❝❡ ❢r❛♠❡✱ ✐t ✐s ❡q✉✐✈✲
❛❧❡♥t t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ✇✐t❤ r❡❞✉❝❡❞ ♠❛ss ♦r❜✐t✐♥❣ ❛❜♦✉t t❤❡ ✜①❡❞ ❝❡♥t❡r ✭♦❢
♠❛ss✮✳ ❙♦✱ t❤❡ ❡♥❡r❣② ♦❢ t❤❡ ♠✉♦♥✲❤②❞r♦❣❡♥ ❛t♦♠ ✐s✿

Em =
µ

m
E0 = −2.52 ❦❡❱

✸✹



✭❝✮ ✳✳✳
hc

λ
= |Em|

(

1

12
−

1

22

)

⇒ λ =
4hc

3Em

= 6.53× 10−10 ♠

✻✳ ❬✸✾✳✺✾❪ ❆ s❛♠♣❧❡ ♦❢ ❤②❞r♦❣❡♥ ❛t♦♠s ✐s ✐rr❛❞✐❛t❡❞ ✇✐t❤ ❧✐❣❤t ✇✐t❤ ✇❛✈❡❧❡♥❣t❤ ✽✺✳✺ ♥♠✱ ❛♥❞ ❡❧❡❝tr♦♥s ❛r❡
♦❜s❡r✈❡❞ ❧❡❛✈✐♥❣ t❤❡ ❣❛s✳ ✭❛✮ ■❢ ❡❛❝❤ ❤②❞r♦❣❡♥ ❛t♦♠ ✇❛s ✐♥✐t✐❛❧❧② ✐♥ ✐ts ❣r♦✉♥❞ ❧❡✈❡❧✱ ✇❤❛t ✇♦✉❧❞ ❜❡
t❤❡ ♠❛①✐♠✉♠ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐♥ ❡❧❡❝tr♦♥ ✈♦❧ts ♦❢ t❤❡s❡ ♣❤♦t♦❡❧❡❝tr♦♥s❄ ✭❜✮ ❆ ❢❡✇ ❡❧❡❝tr♦♥s ❛r❡ ❞❡t❡❝t❡❞
✇✐t❤ ❡♥❡r❣✐❡s ❛s ♠✉❝❤ ❛s ✶✵✳✷ ❡❱ ❣r❡❛t❡r t❤❛♥ t❤❡ ♠❛①✐♠✉♠ ❦✐♥❡t✐❝ ❡♥❡r❣② ❝❛❧❝✉❧❛t❡❞ ✐♥ ♣❛rt ✭❛✮✳ ❍♦✇
❝❛♥ t❤✐s ❜❡❄

✭❛✮ ❚❤❡ ♠✐♥✐♠✉♠ ❡♥❡r❣② ♥❡❡❞❡❞ t♦ ✐♦♥✐③❡ ❛ ❤②❞r♦❣❡♥ ❛t♦♠ ✐♥ ✐ts ❣r♦✉♥❞ st❛t❡ ✐s✿

∆E = (13.6 ❡❱)

(

1

12
−

1

∞2

)

= 13.6 ❡❱

❆ ♣❤♦t♦♥ ✇✐t❤ λ = 85.5 ♥♠ ❝❛rr✐❡s ❡♥❡r❣②✿

Eγ =
hc

λ
= 14.5 ❡❱

❚❤❡r❡❢♦r❡✱ ❛ ♣❤♦t♦♥ ❤❛s ❡♥♦✉❣❤ ❡♥❡r❣② t♦ ✐♦♥✐③❡ ❛♥ ❛t♦♠ ❛♥❞ ✐♠♣❛rt ❛♥ ❡①tr❛ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦♥
t❤❡ ❡❧❡❝tr♦♥✿

T = Eγ − E0 = 0.9 ❡❱

❙♦♠❡ ♦❢ t❤✐s ❛♠♦✉♥❞ ♠❛② ❜❡ ❧♦st ♦♥ t❤❡ r❡❝♦✐❧ t♦ t❤❡ ❛t♦♠✱ s♦ t❤✐s ✐s t❤❡ ♠❛①✐♠✉♠ ❦✐♥❡t✐❝ ❡♥❡r❣②
t❤❛t ❛ s✐♥❣❧❡ ♣❤♦t♦♥ ❛❜s♦r♣t✐♦♥ ❝❛♥ ❣❡♥❡r❛t❡✳

✭❜✮ ▼♦r❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♥❡❡❞s ❛❜s♦r♣t✐♦♥ ♦❢ ♠♦r❡ ♣❤♦t♦♥s✳ ❖♥❡ ♣❤♦t♦♥ ❝❛♥ ❡①❝✐t❡ ❛♥ ❡❧❡❝tr♦♥ t♦ ❛
❤✐❣❤ ❡♥❡r❣② ❧❡✈❡❧ ❛♥❞ ❣✐✈❡ ❛ ♣❛rt ♦❢ ✐ts ❡♥❡r❣② t♦ r❡❝♦✐❧ t❤❡ ❛t♦♠✱ ❛♥❞ ❛♥♦t❤❡r ♣❤♦t♦♥ ❝❛♥ t❤❡♥
✐♦♥✐③❡ t❤✐s ❡①❝✐t❡❞ ❛t♦♠ ❛♥❞ ♣✉s❤ t❤❡ ❡❧❡❝tr♦♥ ♦✉t ✇✐t❤ ❤✐❣❤❡r s♣❡❡❞✳ ❙✉❝❤ ❛ ♣r♦❝❡ss ✐s ♥♦t ✈❡r②
❧✐❦❡❧②✱ ❜✉t ♣♦ss✐❜❧❡✳

✸✺


