
❈❤❛♣t❡r ✸✼ ✲ ❘❡❧❛t✐✈✐t②

✶✳ ❬✸✼✳✺✶❪ ❚❤❡ st❛rs❤✐♣s ♦❢ t❤❡ ❙♦❧❛r ❋❡❞❡r❛t✐♦♥ ❛r❡ ♠❛r❦❡❞ ✇✐t❤ t❤❡ s②♠❜♦❧ ♦❢ t❤❡ ❢❡❞❡r❛t✐♦♥✱ ❛ ❝✐r❝❧❡✱
❤✐❧❡ st❛rs❤✐♣s ♦❢ t❤❡ ❉❡♥❡❜✐❛♥ ❊♠♣✐r❡ ❛r❡ ♠❛r❦❡❞ ✇✐t❤ t❤❡ ❡♠♣✐r❡✬s s②♠❜♦❧✱ ❛♥ ❡❧❧✐♣s❡ ✇❤♦s❡ ♠❛❥♦r
❛①✐s ✐s ✶✳✹✵ t✐♠❡s ❧♦♥❣❡r t❤❛♥ ✐ts ♠✐♥♦r ❛①✐s✳ ❍♦✇ ❢❛st✱ r❡❧❛t✐✈❡ t♦ ❛♥ ♦❜s❡r✈❡r✱ ❞♦❡s ❛♥ ❡♠♣✐r❡ s❤✐♣
❤❛✈❡ t♦ tr❛✈❡❧ ❢♦r ✐ts ♠❛r❦✐♥❣ t♦ ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡ ♠❛r❦✐♥❣ ♦❢ ❛ ❢❡❞❡r❛t✐♦♥ s❤✐♣❄

• ❖❜s❡r✈❡❞ ❧❡♥❣t❤s ❝♦♥tr❛❝t✱ s♦ t❤❡ ❡♠♣✐r❡ s❤✐♣ ♦✉❣❤t t♦ ♠♦✈❡ ❛t s♣❡❡❞ v ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ✐ts
♠❛r❦✐♥❣✬s ♠❛❥♦r ❛①✐s✳ ▲❡t t❤❡ ♠❛❥♦r ❛♥❞ ♠✐♥♦r ❛①❡s ❜❡ a ❛♥❞ b r❡s♣❡❝t✐✈❡❧②✱ ✇❤❡r❡ a = 1.40b✳
❲❡ ✇❛♥t✿

b =
a

γ
= a

√

1− v2

c2
⇒ v = c

√

1− b2

a2
= 0.700c = 2.10× 108 ♠✴s

✷✳ ❬✸✼✳✺✾❪ ■♥ ❛♥ ❡①♣❡r✐♠❡♥t✱ t✇♦ ♣r♦t♦♥s ❛r❡ s❤♦t ❞✐r❡❝t❧② t♦✇❛r❞ ❡❛❝❤ ♦t❤❡r✱ ❡❛❝❤ ♠♦✈✐♥❣ ❛t ❤❛❧❢ t❤❡ s♣❡❡❞
♦❢ ❧✐❣❤t r❡❧❛t✐✈❡ t♦ t❤❡ ❧❛❜♦r❛t♦r②✳ ✭❛✮ ❲❤❛t s♣❡❡❞ ❞♦❡s ♦♥❡ ♣r♦t♦♥ ♠❡❛s✉r❡ ❢♦r t❤❡ ♦t❤❡r ♣r♦t♦♥❄ ✭❜✮
❲❤❛t ✇♦✉❧❞ ❜❡ t❤❡ ❛♥s✇❡r t♦ ♣❛rt ✭❛✮ ✐❢ ✇❡ ✉s❡❞ ♦♥❧② ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ◆❡✇t♦♥✐❛♥ ♠❡❝❤❛♥✐❝s❄ ✭❝✮ ❲❤❛t
✐s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ ❡❛❝❤ ♣r♦t♦♥ ❛s ♠❡❛s✉r❡❞ ❜② ✭✐✮ ❛♥ ♦❜s❡r✈❡r ❛t r❡st ✐♥ t❤❡ ❧❛❜♦r❛t♦r② ❢r❛♠❡ ❛♥❞
✭✐✐✮ ❛♥ ♦❜s❡r✈❡r r✐❞✐♥❣ ❛❧♦♥❣ ✇✐t❤ ♦♥❡ ♦❢ t❤❡ ♣r♦t♦♥s❄ ✭❞✮ ❲❤❛t ✇♦✉❧❞ ❜❡ t❤❡ ❛♥s❡rs ✐♥ ♣❛rt ✭❝✮ ✐❢ ✇❡
✉s❡❞ ♦♥❧② ♥♦♥✲r❡❧❛t✐✈✐st✐❝ ◆❡✇t♦♥✐❛♥ ♠❡❝❤❛♥✐❝s❄

• v1 = c/2✱ v2 = −c/2✱ mp = 1.67× 10−27 ❦❣ = 938 ▼❡❱

• ✭❛✮

vr❡❧ =
v1 − v2

1− v1v2/c2
=

1

1 + 1
4

c =
4

5
c

• ✭❜✮
v♥♦♥✲r❡❧ = v1 − v2 = c

• ✭❝✮

p = γmv , β =
v

c
, γ =

1
√

1− β2

T =
√

(pc)2 + (mc2)2 −mc2 =
√

(γmvc)2 + (mc2)2 −mc2 = mc2
√

1 + γ2β2 −mc2

= mc2

[

√

1 +
β2

1− β2
− 1

]

= mc2
[
√

1

1− β2
− 1

]

= mc2(γ − 1)

✭✐✮ β =
1

2
, γ =

2√
3

, T(i) = 0.15mpc
2 = 2.31× 10−11 ❏ = 144 ▼❡❱

✭✐✐✮ β =
4

5
, γ =

5

3
, T(i) =

2

3
mpc

2 = 1.00× 10−10 ❏ = 625 ▼❡❱

• ✭❞✮

✭✐✮ T(i) =
1

2
mp(c/2)

2 = 1.88× 10−11 ❏ = 117 ▼❡❱

✭✐✐✮ T(i) =
1

2
mpc

2 = ×7.51× 10−11 ❏ = 469 ▼❡❱

✸✳ ❬✸✼✳✻✺❪ ❚✇♦ ❡✈❡♥ts ♦❜s❡r✈❡❞ ✐♥ ❛ ❢r❛♠❡ ♦❢ r❡❢❡r❡♥❝❡ S ❤❛✈❡ ♣♦s✐t✐♦♥s ❛♥❞ t✐♠❡s ❣✐✈❡♥ ❜② (x1, t1) ❛♥❞
(x2, t2) r❡s♣❡❝t✐✈❡❧②✳

✷✼



✭❛✮ ❋r❛♠❡ S′ ♠♦✈❡s ❛❧♦♥❣ t❤❡ x✲❛①✐s ❥✉st ❢❛st ❡♥♦✉❣❤ t❤❛t t❤❡ t✇♦ ❡✈❡♥ts ♦❝❝✉r ❛t t❤❡ s❛♠❡ ♣♦s✐t✐♦♥
✐♥ S′✳ ❙❤♦✇ t❤❛t ✐♥ S′ t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ∆t′ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡✈❡♥ts ✐s ❣✐✈❡♥ ❜②✿

∆t′ =

√

(∆t)2 −
(

∆x

c

)2

✇❤❡r❡ ∆x = x2 − x1 ❛♥❞ ∆t = t2 − t1✳ ❍❡♥❝❡✱ s❤♦✇ t❤❛t ✐❢ ∆x > c∆t✱ t❤❡r❡ ✐s ♥♦ ❢r❛♠❡ S′ ✐♥
✇❤✐❝❤ t❤❡ t✇♦ ❡✈❡♥ts ♦❝❝✉r ❛t t❤❡ s❛♠❡ ♣♦✐♥t✳ ❚❤❡ ✐♥t❡r✈❛❧ ∆t′ ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ✏t❤❡ ♣r♦♣❡r
t✐♠❡ ✐♥t❡r✈❛❧✑ ❢♦r t❤❡ ❡✈❡♥ts✳ ■s t❤✐s t❡r♠ ❛♣♣r♦♣r✐❛t❡❄

✭❜✮ ❙❤♦✇ t❤❛t ✐❢ ∆x > c∆t✱ t❤❡r❡ ✐s ❛ ❞✐✛❡r❡♥t ❢r❛♠❡ ♦❢ r❡❢❡r❡♥❝❡ S′′ 6= S′ ✐♥ ✇❤✐❝❤ t❤❡ t✇♦ ❡✈❡♥ts
♦❝❝✉r s✐♠✉❧t❛♥❡♦✉s❧②✳ ❋✐♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❡✈❡♥ts ✐♥ S′′❀ ❡①♣r❡ss ②♦✉r r❡s✉❧t ✐♥
t❡r♠s ♦❢ ∆x,∆t, c✳ ❚❤✐s ❞✐st❛♥❝❡ ✐s s♦♠❡t✐♠❡s ❝❛❧❧❡❞ ✏♣r♦♣❡r ❧❡♥❣t❤✑ ■s t❤✐s t❡r♠ ❛♣♣r♦♣r✐❛t❡❄

✭❝✮ ❚✇♦ ❡✈❡♥ts ❛r❡ ♦❜s❡r✈❡❞ ✐♥ ❛ ❢r❛♠❡ ♦❢ r❡❢❡r❡♥❝❡ S′ t♦ ♦❝❝✉r s✐♠✉❧t❛♥❡♦✉s❧② ❛t ♣♦✐♥ts s❡♣❛r❛t❡❞
❜② t❤❡ ❞✐st❛♥❝❡ ♦❢ ✷✳✺✵ ♠✳ ■♥ s❡❝♦♥❞ ❢r❛♠❡ S ♠♦✈✐♥❣ r❡❧❛t✐✈❡ t♦ S′ ❛❧♦♥❣ t❤❡ ❧✐♥❡ ❥♦✐♥✐♥❣ t❤❡ t✇♦
♣♦✐♥ts ✐♥ S′✱ t❤❡ t✇♦ ❡✈❡♥ts ❛♣♣❡❛r t♦ ❜❡ s❡♣❛r❛t❡❞ ❜② ✺✳✵✵ ♠✳ ❲❤❛t ✐s t❤❡ t✐♠❡ ✐♥t❡r✈❛❧ ❜❡t✇❡❡♥
t❤❡ ❡✈❡♥ts ❛s ♠❡❛s✉r❡❞ ✐♥ S❄

• ✭❛✮ ❯s❡ ▲♦r❡♥t③ tr❛♥s❢♦r♠❛t✐♦♥s✿

x′

1 = γ(x1 + βct1) , ct′1 = γ(ct1 + βx1)

x′

2 = γ(x2 + βct2) , ct′2 = γ(ct2 + βx2)

❚❤❡ s♣❡❡❞ v = βc ♦❢ S′ ✐s s✉❝❤ t❤❛t x′

1 = x′

2✳ ❚❤❡♥✱ s✉❜tr❛❝t t❤❡ t✇♦ ✈❡rt✐❝❛❧ ♣❛✐rs ♦❢ ❡q✉❛t✐♦♥s✿

0 = γ(∆x+ βc∆t) , c∆t′ = γ(c∆t+ β∆x)

❯s❡ t❤❡ ❧❡❢t ❡q✉❛t✐♦♥ t♦ ✜♥❞ β✱ ❛♥❞ t❤❡♥ s✉❜st✐t✉t❡ β ✭❛♥❞ γ = 1/
√

1− β2✮ ✐♥ t❤❡ r✐❣❤t ❡q✉❛t✐♦♥✿

β = −∆x

c∆t
⇒

∆t′ = γ

(

∆t+
β∆x

c

)

=
1

√

1−
(

∆x
c∆t

)2

(

∆t− ∆x2

c2∆t

)

=
∆t

√

1−
(

∆x
c∆t

)2

[

1−
(

∆x

c∆t

)2
]

= ∆t

√

1−
(

∆x

c∆t

)2

=

√

(∆t)2 −
(

∆x

c

)2

■❢ ∆x > c∆t✱ t❤❡♥ ♦♥❡ ✇♦✉❧❞ ♦❜t❛✐♥ ❛♥ ✐♠❛❣✐♥❛r② ∆t′✱ ✇❤✐❝❤ ✐s ✉♥♣❤②s✐❝❛❧✳

• ✭❜✮ ◆♦✇✱ t′1 = t′2✳ ❲❡ ✉s❡ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤✿

∆x′ = γ(∆x+ βc∆t) , 0 = γ(c∆t+ β∆x)

❊❧✐♠✐♥❛t❡ β ❢r♦♠ t❤❡ r✐❣❤t ❡q✉❛t✐♦♥✳✳✳

β = −c∆t

∆x
⇒

∆x′ = γ(∆x+ βc∆t) =
1

√

1−
(

c∆t
∆x

)2
(∆x− c2∆t2

∆x
) =

√

(∆x)2 − (c∆t)
2

• ✭❝✮ ❯s❡ ♣❛rt ✭❜✮✿ ∆x′ = 2.5 ♠ ✭✇❤❡r❡ t❤❡ ❡✈❡♥ts ❛r❡ s✐♠✉❧t❛♥❡♦✉s✮✱ ∆x = 5.0 ♠

∆x′ =

√

(∆x)2 − (c∆t)
2 ⇒ ∆t =

(∆x)2 − (∆x′)2

c
= 1.4× 10−8 s

✷✽


