
❈❤❛♣t❡r ✸✺ ✲ ■♥t❡r❢❡r❡♥❝❡

✶✳ ❬✸✺✳✸✼❪ ❚❤❡ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❝♦♥✈❡① s✉r❢❛❝❡ ♦❢ ❛ ♣❧❛♥♦❝♦♥✈❡① ❧❡♥s ✐s ✻✽✳✹ ❝♠✳ ❚❤❡ ❧❡♥s ✐s
♣❧❛❝❡❞ ❝♦♥✈❡① s✐❞❡ ❞♦✇♥ ♦♥ ❛ ♣❡r❢❡❝t❧② ✢❛t ❣❧❛ss ♣❧❛t❡ t❤❛t ✐s ✐❧❧✉♠✐♥❛t❡❞ ❢r♦♠ ❛❜♦✈❡ ✇✐t❤ r❡❞ ❧✐❣❤t
❤❛✈✐♥❣ ✇❛✈❡❧❡♥❣t❤ ♦❢ ✺✽✵ ♥♠✳ ❋✐♥❞ t❤❡ ❞✐❛♠❡t❡r ♦❢ t❤❡ s❡❝♦♥❞ ❜r✐❣❤t r✐♥❣ ✐♥ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ♣❛tt❡r♥✳

• ❲❡ ❛r❡ ❣✐✈❡♥ R = 68.4 ❝♠✱ λ = 580 ♥♠✳ ❚❤❡r❡ ✐s ❛♥ ❛✐r ❣❛♣ ❜❡t✇❡❡♥ t❤❡ ❧❡♥s ❛♥❞ t❤❡ ♣❧❛t❡ ✇❤♦s❡
✈❡rt✐❛❧ t❤✐❝❦♥❡ss ✐s t(r) ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ r❛❞✐❛❧ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ❧❡♥s✳
❲❡ ❦♥♦✇ t❤❛t t(0) = 0 ❜❡❝❛✉s❡ t❤❡ ❧❡♥s ✐s ❝♦♥✈❡① ❛♥❞ t♦✉❝❤❡s t❤❡ ♣❧❛t❡ ❛t ✐ts ❝❡♥t❡r✳ ❚❤❡♥✿

[

R− t(r)
]2

+ r2 = R2 ⇒ t(r) = R−
√

R2 − r2

h2 + r2
0
= R2 ⇒ h =

√

R2 − r2
0

❋♦r ♥❡❛r❧② ♥♦r♠❛❧ ✐♥❝✐❞❡♥❝❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❜❡❛♠s t❤❛t
r❡✢❡❝t ❢r♦♠ t❤❡ ❣❧❛ss ♣❧❛t❡ ❛♥❞ t❤❡ ❜♦tt♦♠ s✉r❢❛❝❡ ♦❢ t❤❡ ❧❡♥s ✐s✿

2t(r) =

(

m+
1

2

)

λ

❚❤❡ ✶✴✷ ❛♣❡♣❛rs ❜❡❝❛✉s❡ t❤❡ r❡✢❡❝t✐♦♥ ✐♥ ❛✐r ❢r♦♠ ❣❧❛ss ✐♥tr♦❞✉❝❡s ❛ π✲♣❤❛s❡ s❤✐❢t✳ ❚❤❡ s❡❝♦♥❞
❜r✐❣❤t r✐♥❣ ✐s ❛t m = 1 ✭t❤❡ ✜rst ♦♥❡ ✐s ❛t m = 0✮✿

t(r) =
3λ

4

R−
√

R2 − r2 =
3λ

4

r =

√

R2 −

(

R−
3λ

4

)2

=

√

3λ

4

(

2R−
3λ

4

)

= 0.77 ♠♠

d = 2r = 1.54 ♠♠

✷✳ ❬✸✺✳✹✺❪ ❚✇♦ s♣❡❛❦❡rs✱ ✷✳✺✵ ♠ ❛♣❛rt✱ ❛r❡ ❞r✐✈❡♥ ❜② t❤❡ s❛♠❡ ❛✉❞✐♦ ♦s❝✐❧❧❛t♦r s♦ t❤❛t ❡❛❝❤ ♦♥❡ ♣r♦❞✉❝❡s
❛ s♦✉♥❞ ❝♦♥s✐st✐♥❣ ♦❢ t✇♦ ❞✐st✐♥❝t ❢r❡q✉❡♥❝✐❡s✱ ✵✳✾✵✵ ❦❍③ ❛♥❞ ✶✳✷✵ ❦❍③✳ ❚❤❡ s♣❡❡❞ ♦❢ s♦✉♥❞ ✐s ✸✹✹ ♠✴s✳
❋✐♥❞ ❛❧❧ t❤❡ ❛♥❣❧❡s r❡❧❛t✐✈❡ t♦ t❤❡ ✉s✉❛❧ ❝❡♥t❡r❧✐♥❡ ✐♥ ❢r♦♥t ♦❢ ✭❛♥❞ ❢❛r ❢r♦♠✮ t❤❡ s♣❡❛❦❡rs ❛t ✇❤✐❝❤ ❜♦t❤
❢r❡q✉❡♥❝✐❡s ✐♥t❡r❢❡r❡ ❝♦♥str✉❝t✐✈❡❧②✳

• d = 2.50 ♠✱ f1 = 0.900 ❦❍③✱ f2 = 1.20 ❦❍③✱ c = 344 ♠✴s✳ ❋❛r ❛✇❛② ❢r♦♠ t❤❡ s♣❡❛❦❡rs✱
❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ✐s ❛t ❛♥❣❧❡s θi s✉❝❤ t❤❛t✿

d sin θi = miλi = mi

c

fi
, mi ✐s ✐♥t❡❣❡r

❲❡ ✇❛♥t ❜♦t❤ ❢r❡q✉❡♥❝✐❡s t♦ ✐♥t❡r❢❡r❡ ❝♦♥str✉❝t✐✈❡❧② ❛t t❤❡ s❛♠❡ ❛♥❣❧❡✱ θ1 = θ2✿

sin θi =
m1c

f1d
=

m2c

f2d
⇒

m1

m2

=
f1
f2

=
3

4

❚❤✐s ✐s ♣♦ss✐❜❧❡ ❜❡❝❛✉s❡ f1/f2 ✐s ❛ r❛t✐♦♥❛❧ ♥✉♠❜❡r✱ m1 ❛♥❞ m2 ♠✉st ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ ✸ ❛♥❞ ✹
r❡s♣❡❝t✐✈❡❧② ✭❛♥❞ ❜♦t❤ ✐♥t❡❣❡r✮✿

m1 = 3m , m2 = 4m , m ✐s ✐♥t❡❣❡r

✶✾



❚❤✐s ❣✐✈❡s ✉s t❤❡ s♦✉❣❤t ❛♥❣❧❡s✿

θi = arcsin

(

3c

f1d
m

)

= arcsin

(

4c

f2d
m

)

∈ {0,±27.3o,±66.5o}

❢♦r m ∈ {0,±1,±2}✳

✸✳ ❬✸✺✳✹✾❪ ❚✇♦ s♣❡❛❦❡rs ❆ ❛♥❞ ❇ ❛r❡ ✸✳✺✵ ♠ ❛♣❛rt✱ ❛♥❞ ❡❛❝❤ ♦♥❡ ✐s ❡♠✐tt✐♥❣ ❛ ❢r❡q✉❡♥❝② ♦❢ ✹✹✹ ❍③✳
❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ ♦❢ s✐❣♥❛❧ ❞❡❧❛②s ✐♥ t❤❡ ❝❛❜❧❡s✱ s♣❡❛❦❡r ❆ ✐s ♦♥❡✲❢♦✉rt❤ ♦❢ ❛ ♣❡r✐♦❞ ❛❤❡❛❞ ♦❢ s♣❡❛❦❡r
❇✳ ❋♦r ♣♦✐♥ts ❢❛r ❢r♦♠ t❤❡ s♣❡❛❦❡rs✱ ✜♥❞ ❛❧❧ ❛♥❣❧❡s r❡❧❛t✐✈❡ t♦ t❤❡ ❝❡♥t❡r❧✐♥❡ ❛t ✇❤✐❝❤ t❤❡ s♦✉♥❞ ❢r♦♠
t❤❡s❡ s♣❡❛❦❡rs ❝❛♥❝❡❧s✳ ■♥❝❧✉❞❡ ❛♥❣❧❡s ♦♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❝❡♥t❡r❧✐♥❡✳ ❚❤❡ s♣❡❡❞ ♦❢ s♦✉♥❞ ✐s ✸✹✵ ♠✴s✳

✹✳ ❬✸✺✳✺✶❪ ❆ t❤✐♥ ✉♥✐❢♦r♠ ✜❧♠ ♦❢ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✶✳✼✺✵ ✐s ♣❧❛❝❡❞ ♦♥ ❛ s❤❡❡t ♦❢ ❣❧❛ss ♦❢ r❡❢r❛❝t✐✈❡ ✐♥❞❡①
✶✳✺✵✳ ❆t r♦♦♠ t❡♠♣❡r❛t✉r❡ ✷✵o❈ t❤✐s ✜❧♠ ✐s ❥✉st t❤✐❝❦ ❡♥♦✉❣❤ ❢♦r ❧✐❣❤t ✇✐t❤ ✇❛✈❡❧❡♥❣t❤ ✺✽✷✳✹ ♥♠
r❡✢❡❝t❡❞ ♦✛ t❤❡ t♦♣ ♦❢ t❤❡ ✜❧♠ t♦ ❜❡ ❝❛♥❝❡❧❧❡❞ ❜② ❧✐❣❤t r❡✢❡❝t❡❞ ❢r♦♠ t❤❡ t♦♣ ♦❢ t❤❡ ❣❧❛ss✳ ❆❢t❡r t❤❡
❣❧❛ss ✐s ♣❧❛❝❡❞ ✐♥ t❤❡ ♦✈❡♥ ❛♥❞ s❧♦✇❧② ❤❡❛t❡❞ t♦ ✶✼✵o❈✱ ②♦✉ ✜♥❞ t❤❛t t❤❡ ✜❧♠ ❝❛♥❝❡❧s r❡✢❡❝t❡❞ ❧✐❣❤t ✇✐t❤
✇❛✈❡❧❡♥❣t❤ ✺✽✽✳✺ ♥♠✳ ❲❤❛t ✐s t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❧✐♥❡❛r ❡①♣❛♥s✐♦♥ ♦❢ t❤❡ ✜❧♠✳ ■❣♥♦r❡ t❤❡ t❡♠♣❡r❛t✉r❡
❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✳

• nf = 1.750✱ ng = 1.50✱ T0 = 20o❈✱ λ0 = 582.4 ♥♠✱ T1 = 170o❈✱ λ1 = 588.5 ♥♠✳ ❉❡str✉❝t✐✈❡
✐♥t❡r❢❡r❡♥❝❡ ♦❝❝✉rs ✇❤❡♥ t❤❡ ✜❧♠ t❤✐❝❦♥❡ss d ✐s✿

nf > ng ⇒ 2d =

(

m+
1

2

)

λ , m ∈ Z

❆t T = T0✱ ✇❡ ❤❛✈❡ ✭m = 0✱ t❤❡ ✜❧♠ ✐s ✏❥✉st t❤✐❝❦ ❡♥♦✉❣❤✑✮✿

d0 =
λ0

4

❛♥❞ ❛t T = T1✿

d1 =
λ1

4

❍❡♥❝❡✱ t❤❡ ❡①♣❛♥s✐♦♥ ❝♦❡✣❝✐❡♥t α ✐s✿

∆d

d
=

d1 − d0
d0

= α∆T = α(T1−T0) ⇒ α =

(

d1
d0

− 1

)

1

T1 − T0

=

(

λ1

λ0

− 1

)

1

T1 − T0

= 6.98×10−5 ❑−1

✺✳ ❬✸✺✳✺✺❪ ❆ s♦✉r❝❡ ❙ ♦❢ ♠♦♥♦❝❤r♦♠❛t✐❝ ❧✐❣❤t ❛♥❞ ❛ ❞❡t❡❝t♦r ❉ ❛r❡ ❜♦t❤ ❧♦❝❛t❡❞ ✐♥ ❛✐r ❛ ❞✐st❛♥❝❡ h ❛❜♦✈❡ ❛
❤♦r✐③♦♥t❛❧ ♣❧❛♥❡ s❤❡❡t ♦❢ ❣❧❛ss ❛♥❞ ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛ ❤♦r✐③♦♥t❛❧ ❞✐st❛♥❝❡ x✳ ❲❛✈❡s r❡❛❝❤✐♥❣ ❉ ❞✐r❡❝t❧②
❢r♦♠ ❙ ✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡ ✇❛✈❡s t❤❛t r❡✢❡❝t ♦✛ t❤❡ ❣❧❛ss✳ ❚❤❡ ❞✐st❛♥❝❡ x ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ h ✭x ≪ h✮
s♦ t❤❛t r❡✢❡❝t✐♦♥ ✐s ❝❧♦s❡ t♦ ♥♦r♠❛❧ ✐♥❝✐❞❡♥❝❡✳ ❙❤♦✇ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ✐s✿

√

x2 + 4h2 − x =

(

m+
1

2

)

λ

❛♥❞ t❤❡ ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡✿
√

x2 + 4h2 − x = mλ

• ◆♦t❡ t❤❛t t❤❡r❡ ✐s ❛ π✲♣❤❛s❡ s❤✐❢t ✐♥ t❤❡ r❡✢❡❝t✐♦♥ ❢r♦♠ t❤❡ ❣❧❛ss ♣❧❛t❡ ✭❣❧❛ss ❤❛s ❛ ❧❛r❣❡r r❡❢r❛❝t✐✈❡
✐♥❞❡① t❤❛♥ ❛✐r✮✳ ❚❤❡ ❞✐st❛♥❝❡ tr❛✈❡❧❡❞ ❜② ❧✐❣❤t ❞✐r❡❝t❧② ❢r♦♠ ❙ t♦ ❉ ✐s r2 = x✳ ❚❤❡ t♦t❛❧ ❞✐st❛♥❝❡
tr❛✈❡❧❡❞ ♦♥ t❤❡ ♣❛t❤ t❤❛t r❡✢❡❝ts ❢r♦♠ t❤❡ ❣❧❛ss s❤❡❡t ✐s✿

r1 = 2

√

h2 +
(x

2

)2

=
√

4h2 + x2

✷✵



■❢ t❤❡r❡ ✇❡r❡♥✬t ❛ π✲♣❤❛s❡ s❤✐❢t ♦♥ r❡✢❡❝t✐♦♥✱ t❤❡ ❝♦♥str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ✇♦✉❧❞ ♦❝❝✉r ✇❤❡♥✿

r1 − r2 = mλ

❲✐t❤ t❤❡ π✲s❤✐❢t✱ t❤✐s ✐s ✇❤❡r❡ t❤❡ ❞❡str✉❝t✐✈❡ ✐♥t❡r❢❡r❡♥❝❡ ♦❝❝✉rs✱ ✇❤✐❧❡ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t✐✈❡
✇❤❡♥✿

r1 − r2 =
√

x2 + 4h2 − x =

(

m+
1

2

)

λ

✻✳ ❬✸✺✳✺✾❪ ■♥ ❛ ❨♦✉♥❣✬s t✇♦✲s❧✐t ❡①♣❡r✐♠❡♥t ❛ ♣✐❡❝❡ ♦❢ ❣❧❛ss ✇✐t❤ ❛♥ ✐♥❞❡① ♦❢ r❡❢r❛❝t✐♦♥ n ❛♥❞ t❤✐❝❦♥❡ss L
✐s ♣❧❛❝❡❞ ✐♥ ❢r♦♥t ♦❢ t❤❡ ✉♣♣❡r s❧✐t✳ ❉❡r✐✈❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✐♥t❡♥s✐t② I ♦❢ t❤❡ ❧✐❣❤t ❛t ♣♦✐♥ts ♦♥
t❤❡ s❝r❡❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ n, L, θ✱ ✇❤❡r❡ θ ✐s t❤❡ ✉s✉❛❧ ❛♥❣❧❡ ♠❡❛s✉r❡❞ ❢r♦♠ t❤❡ ❝❡♥t❡r❧✐♥❡ ❜❡t✇❡❡♥ t❤❡
t✇♦ s❧✐ts✳ ❲❤❡r❡ ❛r❡ t❤❡ ✐♥t❡r❢❡r❡♥❝❡ ♣❛tt❡r♥ ♠❛①✐♠❛ ✭❛t ✇❤✐❝❤ θ✮❄

• ❚❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♦❢ ❛ ❧✐♥❡❛r❧②✲♣♦❧❛r✐③❡❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✇❛✈❡ ♣r♦♣❛❣❛t❡s ❛s✿

E(x, t) = E0 cos(ωt− kx)

❙✉♣♣♦s❡ t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛ ❞✐st❛♥❝❡ L ✐♥ ❢r♦♥t ♦❢ t❤❡ s❧✐ts ✭✇❤❡r❡ ✇❡ t❡♠♣♦r❛r✐❧② s❡t t❤❡
♦r✐❣✐♥✱ x = 0✮ ✐s E = E0 cos(ωt)✳ ❚❤❡ ❧✐❣❤t t❤❛t ❣♦❡s t❤r♦✉❣❤ ❛✐r t♦✇❛r❞ t❤❡ ✉♥❝♦✈❡r❡❞ s❧✐t ❤❛s
t❤❡ ✇❛✈❡♥✉♠❜❡r k s❡t ❜② t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t ✐♥ ❛✐r

ω = ck , k =
2π

λ
=

ω

c

s♦ t❤❛t t❤❡ ✜❡❧❞ ❛t t❤❡ ✉♥❝♦✈❡r❡❞ s❧✐t ✐s✿

E1 = E0 cos(ωt− kL)

❚❤❡ ❧✐❣❤t t❤❛t ❣♦❡s t❤r♦✉❣❤ ❣❧❛ss ❤❛s ❛ ❞✐✛❡r❡♥t ✇❛✈❡♥✉♠❜❡r k′ = ω/c′ ❜❡❝❛✉s❡ ✐t ❤❛s ❛ ❞✐✛❡r❡♥t
❧✐❣❤t s♣❡❡❞ c′ = c/n✳ ❍❡♥❝❡✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛t t❤✐s s❧✐t ✐s✿

E1 = E0 cos(ωt− k′L) = E0 cos(ωt− nkL)

❲❡ ✉s❡❞✿
k′ =

ω

c′
=

ω

c/n
= n

ω

c
= nk

❲❡ s❡❡ t❤❛t t❤❡ ♣❤❛s❡ s❤✐❢t ✐♥tr♦❞✉❝❡❞ ❜② ❣❧❛ss ✐s✿

∆φ0 = (n− 1)kL = 2π
(n− 1)L

λ

✇❤❡r❡ λ ✐s t❤❡ ❧✐❣❤t✬s ✇❛✈❡❧❡♥❣t❤ ✐♥ ❛✐r✳ P❛st t❤❡ s❧✐ts✱ t❤❡ ❜❡❛♠s tr❛✈❡❧ ❛❞❞✐t✐♦♥❛❧ ❞✐st❛♥❝❡s r1
❛♥❞ r2 t❤❛t ❞✐✛❡r ❜② d sin θ✳ ❆t t❤❡ s❝r❡❡♥✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ t✇♦ ❜❡❛♠s ❛r❡✿

E1 = cos
(

ωt− kL− k(r2 + d sin θ)
)

, E2 = cos(ωt− nkL− kr2)

❚❤❡ t♦t❛❧ ♣❤❛s❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❜❡❛♠s ✐s✿

∆φ =
2π

λ

[

(n− 1)L+ d sin θ
]

❛♥❞ ✇❡ ❝❛♥ ✇r✐t❡✿
E1 = cos(α) , E2 = cos(α+∆φ)

E1 + E2 = 2 cos

(

∆φ

2

)

cos

(

α+
∆Φ

2

)

✷✶



❍❡r❡✱ α ❝♦♥t❛✐♥s ωt✱ s♦ t❤❡ s❡❝♦♥❞ ❝♦s✐♥❡ ❢❛❝t♦r ♦s❝✐❧❧❛t❡s ✐♥ t✐♠❡✱ ✇❤✐❧❡ t❤❡ ✜rst ❝♦s✐♥❡ ❞❡✜♥❡s
t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ ♦s❝✐❧❧❛t✐♦♥s✳ ❚❤❡ ❧✐❣❤t ✐♥t❡♥s✐t② ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ E2✱ s♦ t❤❛t✿

I = I0 cos
2

(

∆φ

2

)

= I0 cos
2

{π

λ

[

(n− 1)L+ d sin θ
]}

❚❤❡ ✐♥t❡r❢❡r❡♥❝❡ ♣❛tt❡r♥ ♠❛①✐♠❛ ❛r❡ ❢♦✉♥❞ ❛t ❛♥❣❧❡s✿

π

λ

[

(n− 1)L+ d sin θ
]

= mπ , m ∈ Z

θ = arcsin

[

mλ− (n− 1)L

d

]

✷✷


