
❈❤❛♣t❡r ✸✹ ✲ ●❡♦♠❡tr✐❝ ❖♣t✐❝s

✶✳ ❬✸✹✳✽✾❪ ❆ ❣❧❛ss r♦❞ ✇✐t❤ ❛ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ ✶✳✺✺ ✐s ❣r♦✉♥❞ ❛♥❞ ♣♦❧✐s❤❡❞ ❛t ❜♦t❤ ❡♥❞s t♦ ❤❡♠✐s♣❤❡r✐❝❛❧
s✉r❢❛❝❡s ✇✐t❤ r❛❞✐✐ ✻ ❝♠✳ ❲❤❡♥ ❛♥ ♦❜❥❡❝t ✐s ♣❧❛❝❡❞ ♦♥ ❛♥ ❛①✐s ♦❢ t❤❡ r♦❞ ✷✺✳✵ ❝♠ t♦ t❤❡ ❧❡❢t ♦❢ t❤❡
❧❡❢t✲❤❛♥❞ ❡♥❞✱ t❤❡ ✜♥❛❧ ✐♠❛❣❡ ✐s ❢♦r♠❡❞ ✻✺✳✵ ❝♠ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ ❡♥❞✳ ❲❤❛t ✐s t❤❡ ❧❡♥❣t❤
♦❢ t❤❡ r♦❞ ♠❡❛s✉r❡❞ ❜❡t✇❡❡♥ t❤❡ ✈❡rt✐❝❡s ♦❢ t❤❡ t✇♦ ❤❡♠✐s♣❤❡r✐❝❛❧ s✉r❢❛❝❡s❄

• n = 1.55✱ |R| = 6 ❝♠✱ s1 = 25.0 ❝♠✱ s′
2
= 65.0 ❝♠

1

s1
+

n

s′
1

=
n− 1

Rl

✭❧❡❢t ❤❡♠✐s♣❤❡r❡✮

n

s2
+

1

s′
2

=
1− n

Rr

✭r✐❣❤t ❤❡♠✐s♣❤❡r❡✮

s2 = l − s′
1

❚❤❡ ❧❛st ❡q✉❛t✐♦♥ s❛②s t❤❛t t❤❡ ❧❡❢t ❤❡♠✐s♣❤❡r❡✬s ✐♠❛❣❡ ✐s t❤❡ r✐❣❤t ❤❡♠✐s♣❤❡r❡✬s ♦❜❥❡❝t✳ ❋r♦♠
t❤❡ ✜rst ❡q✉❛t✐♦♥ ✇❡ ✜♥❞✿

s′
1
=

n
n−1

Rl

− 1

s1

❙✉❜st✐t✉t✐♥❣ ✐♥ t❤❡ ♦t❤❡r t✇♦ ❡q✉❛t✐✐♦♥s ✇❡ ❣❡t✿

n

l − s′
1

+
1

s′
2

=
1− n

Rr

l = s′
1
+

n
1−n

Rr

− 1

s′
2

=
n

n−1

Rl

− 1

s1

+
n

1−n

Rr

− 1

s′
2

❚❤❡ t❡①t ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s ♥♦t ❝❧❡❛r ❛❜♦✉t ❤♦✇ t❤❡ ❤❡♠✐s♣❤❡r❡s ❛r❡ ♠❛❞❡✿ ❝♦♥✈❡① ♦r ❝♦♥❝❛✈❡ ♦♥
❡✐t❤❡r ❡♥❞✳ ❙♦✱ ❧❡t✬s ❝♦♠♣✉t❡ ❛❧❧ ♣♦ss✐❜✐❧✐t✐❡s✿

n
n−1

Rl

− 1

s1

=

{

30.0 ❝♠ , Rl = +R

−11.8 ❝♠ , Rl = −R

}

,
n

1−n

Rr

− 1

s′
2

=

{

−14.5 ❝♠ , Rr = +R

20.3 ❝♠ , Rr = −R

}

l =















15.5 ❝♠ , (Rl, Rr) = (+,+)R
50.3 ❝♠ , (Rl, Rr) = (+,−)R
−26.3 ❝♠ , (Rl, Rr) = (−,+)R
8.5 ❝♠ , (Rl, Rr) = (−,−)R















❚❤❡ ♥❡❣❛t✐✈❡ r♦❞ ❧❡♥❣t❤ l ♠❛❦❡s ♥♦ s❡♥s❡✱ ❜✉t t❤❡ ♦t❤❡r r❡s✉❧ts ❝♦✉❧❞ ✇♦r❦✳ l = 50.3 ❝♠ ❝♦rr❡✲
s♣♦♥❞s t♦✱ ♣❡r❤❛♣s✱ t❤❡ ♠♦st ♥❛t✉r❛❧ ❛ss✉♠♣t✐♦♥ t❤❛t ❜♦t❤ ❤❡♠✐s♣❤❡r❡s ❛r❡ ❜✉❧❣✐♥❣ ♦✉t ♦❢ t❤❡
r♦❞ ✲ ❛♥❞ ✐t ✐s t❤❡ ♦✣❝✐❛❧ s♦❧✉t✐♦♥ ❢r♦♠ t❤❡ t❡①t❜♦♦❦✳

✷✳ ❬✸✹✳✾✸❪ ❆ ❝♦♥✈❡① ♠✐rr♦r ❛♥❞ ❛ ❝♦♥❝❛✈❡ ♠✐rr♦r ❛r❡ ♣❧❛❝❡❞ ♦♥ t❤❡ s❛♠❡ ♦♣t✐❝❛❧ ❛①✐s✱ s❡♣❛r❛t❡❞ ❜② t❤❡
❞✐st❛♥❝❡ L = 0.600 ♠✳ ❚❤❡ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡ ♦❢ ❡❛❝❤ ♠✐rr♦r ❤❛s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✵✳✸✻✵ ♠✳ ❆ ❧✐❣❤t
s♦✉r❝❡ ✐s ❧♦❝❛t❡❞ ❜❡t✇❡❡♥ t❤❡ ♠✐rr♦rs ❛ ❞✐st❛♥❝❡ x ❢r♦♠ t❤❡ ❝♦♥❝❛✈❡ ♠✐rr♦r✳ ✭❛✮ ❲❤❛t ❞✐st❛♥❝❡ x ✇✐❧❧
r❡s✉❧t ✐♥ t❤❡ r❛②s ❢r♦♠ t❤❡ s♦✉r❝❡ r❡t✉r♥❡❞ t♦ t❤❡ s♦✉r❝❡ ❛❢t❡r r❡✢❡❝t✐♥❣ ✜rst ❢r♦♠ t❤❡ ❝♦♥✈❡① ♠✐rr♦r
❛♥❞ t❤❡♥ ❢r♦♠ t❤❡ ❝♦♥❝❛✈❡ ♠✐rr♦r❄ ✭❜✮ ❘❡♣❡❛t t❤❡ ♣❛rt ✭❛✮✱ ❜✉t ♥♦✇ ❧❡t t❤❡ r❛②s r❡✢❡❝t ✜rst ❢r♦♠ t❤❡
❝♦♥❝❛✈❡ ♠✐rr♦r ❛♥❞ t❤❡♥ ❢r♦♠ t❤❡ ❝♦♥✈❡① ♦♥❡✳

• L = 0.600 ♠✱ R = 0.360 ♠✱ Rl = −R ✭❝♦♥✈❡① t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ ❧✐❣❤t s♦✉r❝❡✮✱ Rr = +R ✭❝♦♥❝❛✈❡
t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❧✐❣❤t s♦✉r❝❡✮❀ t❤❡ ❝❤♦✐❝❡ t♦ ♣✉t t❤❡ ❝♦♥✈❡① ♠✐rr♦r ♦♥ t❤❡ ❧❡❢t ✐s ❛r❜✐tr❛r②✱ ❜✉t
♠✉st ❜❡ ❛♣♣❧✐❡❞ ❝♦♥s✐st❡♥t❧②✳✳✳

✶✻





✹✳ ❬✸✹✳✼✸❪ ❆ ❝♦♥❝❛✈❡ ♠✐rr♦r ✐s t♦ ❢♦r♠ ❛♥ ✐♠❛❣❡ ♦❢ t❤❡ ✜❧❛♠❡♥t ♦❢ ❛ ❤❡❛❞❧✐❣❤t ❧❛♠♣ ♦♥ ❛ s❝r❡❡♥ ✽✳✵✵ ♠
❢r♦♠ t❤❡ ♠✐rr♦r✳ ❚❤❡ ✜❧❛♠❡♥t ✐s ✻✳✵✵ ♠♠ t❛❧❧✱ ❛♥❞ t❤❡ ✐♠❛❣❡ ✐s t♦ ❜❡ ✷✹✳✵ ❝♠ t❛❧❧✳ ✭❛✮ ❍♦✇ ❢❛r ✐♥ ❢r♦♥t
♦❢ t❤❡ ✈❡rt❡① ♦❢ t❤❡ ♠✐rr♦r s❤♦✉❧❞ t❤❡ ✜❧❛♠❡♥t ❜❡ ♣❧❛❝❡❞❄ ✭❜✮ ❲❤❛t s❤♦✉❧❞ ❜❡ t❤❡ r❛❞✐✉s ♦❢ ❝✉r✈❛t✉r❡
♦❢ t❤❡ ♠✐rr♦r❄

• s′ = 8.00 ♠✱ y = 0.00600 ♠✱ y′ = −0.24 ♠✱ s =?✱ R > 0

y′

y
= −

s′

s
⇒ s = −

s′y

y′
= 0.2 ♠

1

s
+

1

s′
=

2

R
⇒ R =

2
1

s
+ 1

s′

= 0.390 ♠

✺✳ ❬✸✹✳✽✶❪ ❲❤❛t s❤♦✉❧❞ ❜❡ t❤❡ ✐♥❞❡① ♦❢ r❡❢r❛❝t✐♦♥ ♦❢ ❛ tr❛♥s♣❛r❡♥t s♣❤❡r❡ ✐♥ ♦r❞❡r ❢♦r ♣❛r❛①✐❛❧ r❛②s ❢r♦♠
❛♥ ✐♥✜♥✐t❡❧② ❞✐st❛♥t ♦❜❥❡❝t t♦ ❜❡ ❜r♦✉❣❤t t♦ ❛ ❢♦❝✉s ❛t t❤❡ ✈❡rt❡① ♦❢ t❤❡ s✉r❢❛❝❡ ♦♣♣♦s✐t❡ t❤❡ ♣♦✐♥t ♦❢
✐♥❝✐❞❡♥❝❡❄

• ✳✳✳
1

∞
+

n

2R
=

n− 1

R
⇒ n = 2n− 2 ⇒ n = 2

✻✳ ❬✸✹✳✾✻❪ Pr♦✈❡ t❤❛t ✇❤❡♥ t♦ t❤✐♥ ❧❡♥s❡s ✇✐t❤ ❢♦❝❛❧ ❧❡♥❣t❤s f1 ❛♥❞ f2 ❛r❡ ♣❧❛❝❡❞ ✐♥ ❝♦♥t❛❝t✱ t❤❡ ❢♦❝❛❧
❧❡♥❣t❤ f ♦❢ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ r❡❧❛t✐♦♥s❤✐♣✿

1

f
=

1

f1
+

1

f2

• ▲❡t ❛♥ ♦❜❥❡❝t ❜❡ ❛ ❞✐st♥❝❡ s ❛✇❛② ❢r♦♠ t❤❡ ❧❡♥s❡s✳ ■t ❢♦r♠s ❛♥ ✐♠❛❣❡ t ♦♥ t❤❡ ❧❡♥s ✇✐t❤ ❢♦❝❛❧ ❧❡♥❣t❤
f1✳ ❚❤✐s ❜❡❝♦♠❡s t❤❡ ♦❜❥❡❝t ❢♦r t❤❡ s❡❝♦♥❞ ❧❡♥s✱ ❜✉t ♥♦♠✐♥❛❧❧② ❛ ❞✐st❛♥❝❡ −t ❛✇❛②✳ ❚❤❡♥✿

1

s
+

1

t
=

1

f1
,

1

−t
+

1

s′
=

1

f2
⇒

1

s
+

1

s′
=

1

f1
+

1

f2
≡

1

f

✶✳ ❬✸✹✳✾✾❪ ❲❤❡♥ ❛♥ ♦❜❥❡❝t ✐s ♣❧❛❝❡❞ ❛t t❤❡ ♣r♦♣❡r ❞✐st❛♥❝❡ t♦ t❤❡ ❧❡❢t ♦❢ ❛ ❝♦♥✈❡r❣✐♥❣ ❧❡♥s✱ t❤❡ ✐♠❛❣❡ ✐s
❢♦❝✉s❡❞ ♦♥ ❛ s❝r❡❡♥ ✸✵✳✵ ❝♠ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❧❡♥s✳ ❆ ❞✐✈❡r❣✐♥❣ ❧❡♥s ✐s ♥♦✇ ♣❧❛❝❡❞ ✶✺✳✵ ❝♠ t♦ t❤❡
r✐❣❤t ♦❢ t❤❡ ❝♦♥✈❡r❣✐♥❣ ❧❡♥s✱ ❛♥❞ ✐t ✐s ❢♦✉♥❞ t❤❛t t❤❡ s❝r❡❡♥ ♠✉st ❜❡ ♠♦✈❡❞ ✶✾✳✷ ❝♠ ❢❛rt❤❡r t♦ t❤❡ r✐❣❤t
t♦ ♦❜t❛✐♥ ❛ s❤❛r♣ ✐♠❛❣❡✳ ❲❤❛t ✐s t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❞✐✈❡r❣✐♥❣ ❧❡♥s❄

• ❚❤❡ ✐♠❛❣❡ ✐s ❢♦❝✉s❡❞ ✐❢ ✐t ❛♣♣❡❛rs ✐♥ t❤❡ ❢♦❝❛❧ ♣❧❛♥❡✳ ❙♦✱ f = 30.0 ❝♠ ✐s t❤❡ ❢♦❝❛❧ ❧❡♥❣t❤ ♦❢ t❤❡ ❧❡♥s
✭f > 0 ❜❡❝❛✉s❡ t❤❡ ❧❡♥s ✐s ❝♦♥✈❡r❣✐♥❣✮✳ ▲❡t t❤❡ ❛❞❞❡❞ ❞✐✈❡r❣✐♥❣ ❧❡♥s✱ ♣❧❛❝❡s ❛ ❞✐st❛♥❝❡ l = 15.0 ❝♠
❢r♦♠ t❤❡ ❝♦♥✈❡r❣✐♥❣ ❧❡♥s✱ ❤❛✈❡ ❢♦❝❛❧ ❧❡♥❣t❤ f ′ < 0✳ ❚❤❡ ✐♠❛❣❡ ♦❢ ❛♥ ✐♥✜♥✐t❡❧② ❞✐st❛♥t ♦❜❥❡❝t ♦♥
t❤❡ ❝♦♥✈❡r❣✐♥❣ ❧❡♥s ✐s ❛t ✐ts ❢♦❝❛❧ ♣♦✐♥t✱ ♥♦✇ s = l − f = −15.0 ❝♠ ❛✇❛② ❢r♦♠ t❤❡ ❞✐✈❡r❣✐♥❣ ❧❡♥s✳
❍❡♥❝❡✱ t❤❡ ✜♥❛❧ ✐♠❛❣❡ ✐s t❤❡ ❞✐st❛♥❝❡ s′ ❢r♦♠ t❤❡ ❞✐✈❡r❣✐♥❣ ❧❡♥s ❛❝❝♦r❞✐♥❣ t♦✿

1

s
+

1

s′
=

1

f ′

❚❤✐s ✐s ✇❤❡r❡ t❤❡ s❤❛r♣ ✐♠❛❣❡ ♥♦✇ ❛♣♣❡❛rs✿

s′ = f − l + 19.2 ❝♠ = 34.2 ❝♠

❚❤❡r❡❢♦r❡✿

f ′ =
1

1

s
+ 1

s′

= −26.7 ❝♠

✶✽


