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Intensity in Single-Slit Pattern

to observation
point p on screen

Divide the wave front at the slit into N (large #)
smaller strips/wavelets.

Ay=a/N — size of each small strip

T Al = Aysin @ — small path diff. bet adj. strips
| ‘\\‘\\A/
LN . . . .
 Al=Aysing If £, 1s the magnitude of the incoming wave,

1 (path diff)) then the E£-field from each wavelet will have a

magnitude of

AE=E,/N



Intensity 1n Single-Slit Pattern

(Phasors)

v Al=Aysin@
(path dift.)

Ap :%Aysinﬁz

Consider the electric field from each wavelet as a
phasor AE, the resultant electric field £, at p can
be calculated as the phasor sum of all the AE's.

19 29
. AE,
AE, = Wocos(a)t) — T
AE

AE, = %cos(a)t +AL) T H/' AB

2rasin @

NA

AE, = %cos(a)t +(N -1DAp)
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Intensity 1n Single-Slit Pattern

(Phasors)

_ AE,,AE,,---,AE

For each pair of adjacent phasors, there 1s
a path difference A/

S—

| and this path difference induces a phase
N difference Af between adjacent phasors.

a N
| \\‘\\/
BN AB Al 2 . 27
.y Al=Aysin€ 'B= — Af=—A=—Aysinf
(path diff.) 27 A A A

2rasin @
NA

with Ay = %, we then have Af =



Phase Difference from Path Difference

Considering the phasor sum of all N phasors, the fotal
phase difference f1s,

B=NAB=N (25 Aysm&’j

[=" (NAy)sm&’—zTﬂasmH

Note, the total phase difference
B < pisagain a function of the
angular location 6.
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NOTE: Similar to ¢ earlier, £ has to be in radian!



Summing Phasors to Calculate £,

Central Maximum (Af =0, =0, straight ahead):

All phasors are in phase.
E, >
E,=NAE=E,
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Summing Phasors to Calculate £,

First Order Minimum (£ = NAf =2 r):

18t minimum condition when last
phasor’s tip matches up exactly
with the first phasor’s end.

E,=0

Note: ﬁ:z—ﬂasin¢9=27z — asinfd=A1

\

same condition as previously derived.

D

mathematica



Summing Phasors to Calculate £,

Slightly away from Central Maximum (AZ >0, f > 0):

[ 1s the phase diff. between
the first and the last phasors.

E,<E,
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mathematica

http://demonstrations.wolfram.com/RepresentationOfDiffractionByVectorSummation/



Intensity in Single-Slit Pattern

For N —» o, Ay > dy we can find an expression of the intensity / in terms of € (f).

Ey  The polygon becomes » (C 1s the center of the arc
an arc of a circle.  angle A and B are right angles
e interior angle at D is 180° - /3

B —> £C=p
For the circular section ACB,
radius x angle = arc lenght

radiusx f=E, (f has to be

L,  inradian)

p

radius =
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Intensity in Single-Slit Pattern

Lastly, from the blue right triangle,

sin(3/2)
B2

sin—:E — E:EP:EO

With 7 proportional to £ ,,

7 =Io[sin(,6'/2)}2
B2
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Intensity in Single-Slit Pattern

: 2 . : : : :
Then, lastly with g = 7ﬂa sin 8, the intensity of the pattern as a function of f1s,

I sin(7zasin/A) i
| zasin@/A

Intensity

e} —
-31/a 2ila —A/a Ala  2iJa 3AJa  sin®
3z 2z - V4 2 3z B2
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Locating Mins & Maxs

Minimum:

2
: ' 2 T
requires that Izl{sm(ﬂ/ )} =0, where §=Iasm9

B2

I:> g:%asinﬁzmﬂ" m=ﬂ,i1,i2,---

: same condition as
> agsinf=mA . :
previously derived !

Note that #/2 =0 (m = 0) is not a solution for a minimum !

Vi sin(3/2)

In fact, 5= %a sin@ or 6 =0 1s the central maximum with lim

R
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Locating Mins & Maxs

Maximum:

For single-slit Fraunhofer diffraction patterns, maximum occur near
P _3n Sz ln
2 272727

but not exactly !

To find the maximum exactly, we need to find the extremum for the
intensity function, i.e.,

asin @

dl(x) _d (sinsz _o0  where ngzg

dx dx\ x

0

X X

d (sinx) sinx [ cosx sinx
= (7T



Locating Mins & Maxs

There are two solutions:

! asin @ .
. 22X g > X=mr—> p =mmx —> asinf =mA

X

(same minimum condition)

COSX SInx
2.

—— =0 —> x=tanx

X X
y=tan x — B ’ .
. - e o 1intercepts are solutions
4L to tan x = x.
i 2r /32 - They gives the locations
5 x of the maximum of the
xX=—=—asind . . .
22 intensity function.

37l2 5712 7T rnl2
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Width of the Single-Slit Pattern

One can estimate the width of central max 2
using the locations of 15 min on both left sinf, =+—

and right sides of the central m/ a
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Width of the Single-Slit Pattern

One can estimate the width of central max 2
using the locations of 15t min on both left sinf, =+—
and right sides of the central max: a

So, if a £ A, only one broad maximum is visible !

15t min at I8t min at

- .

9 O o | | | | 9 o
—20° —10° 0°  10°  20° 90
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Width of the Single-Slit Pattern

One can estimate the width of central max 2
using the locations of 15t min on both left sinf, =+—
and right sides of the central max: a
On the other hand, if 1 < ¢ and as i J
a

> 1% min moves closer (peak sharper)!

The wider the slit (or the shorter the
_wavelength), the narrower and sharper
I . is the central peak.

0
—20° —10°  0° 10° 20° —20° —10° 0° 10°  20°
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Resolving Power for Circular
Apertures

Airy disk

A\

6, is the angle between the center of
the pattern and the first minimum._

'+
.
-
<4
.
.
0y
.
.

Airy
disk

image will not be sharp

Copyright © 2008 Pearson Education, Inc., publishing as Pearson Addisan-Wesley.
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Because of diffraction, light spreads out after passing thru circular
apertures =2 this imposes resolution limits to commonly used optical
instruments, such as microscopes and telescopes.




Resolving Power for Circular
Apertures

Consider two non-coherent point sources (so that they don’t interfere), 1.e. two
distant stars,

angular separation 6
between the two stars

We will observe
two diffraction
patterns on top

star 2 7y ofeach others.
from telescope |




Resolving Power for Circular
Apertures

The overlap of the two diffraction pattern might prevent one from discerning
the two sources of light.

A workable criterion is called the Rayleigh’s Criterion which is similar in
spirit to our discussion for the resolving power for the diffraction grating:

The two diffraction pattern can be resolvable if the
central max from one pattern is at least as far as the
15t min of the other image.

For circular aperture with diameter D, the angular location of the its 15t order
diffraction minimum is:

. A
sin 6, = 1.225 (“1.22” is a geometric factor)




Resolving Power for Circular
Apertures

The Limit of Resolution for a circular aperture 1s defined as the smallest
angular separation between two light sources that can be resolved according
to the Rayleigh's Criterion and it 1s given by:

sing. =122
D

emin
star 1 (
e ey =
i I
star 2 lens

from telescope




Resolving Power for Circular
Apertures

An optical device such as a telescope or microscope will have a 4igh Resolving
Power if it has a small Limit of Resolution (¢ _ small) so that nearby objects
with a small angular separation can be resolved.

This gives the following ways to increase the Resolving Power:

* increase the diameter D - use a bigger len/mirror in telescope
* decrease the wavelength A = use a shorter wavelength of light in
chip production

(a) Small aperture (b) Medium aperture (c) Large aperture




Example 36.6: Resolving Power of a
Camera Lens

Given:

=50 mm

f-number of {/2
object distance 9.0m
wavelength = 500nm

What 1s the minimum distance between
two points on the faraway object that one
can resolve?

f-number = /D =2 D = f/f-number = 50mm/2 =25 mm
Rayleigh’s Criterion gives:

-9
6. =sing, =1227% —12p200x10 m
D 25x107" m

m

=2.4x10"rad




Example 36.6: Resolving Power of a
Camera Lens

For a simple lens, we know that the angular separation of two points on the
object 1s given by,

< S >
9;121'
\) A

y =2 separation of object points

y’ =2 separation of the corresponding image points
s = object distance

s’ > image distance



Example 36.6: Resolving Power of a
Camera Lens

Applying the minimum condition, we have,

24x107%rad =2 > y=9.0m(2.4x10"rad) =0.22mm (on object)
s

On the camera film, the image separation will be approximately,

'

2.4x107rad = L' -  y'=50mm(2.4x10”rad)=12x10"mm  (on film)
S T

s’~ f 1f image 1s focused on the film



Double-Slit Interference Pattern
(w/o diffraction)

1> P Constructive Interference:

dsin@=mA (m=0,+1,12,--.)

Destructive Interference:

dsiné?:(m+%j/1 (m=0,£1,+2,--)




Double-Slit Interference Pattern
(w/o diffraction)
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Intensity of Two-Slits Diffraction

Patterns

With two slits, we have diffraction from the individual slits and interference
from the two slits.

LA




Intensity of Two-Slits Diffraction
Patterns

With two slits, we have diffraction from the individual slits and interference
from the two slits.

The combined intensity 1s the superposition of the two effects:

=1 cos’ (gj{sinlg/ﬁz/z)}z

|

interference  diffraction
factor factor

T d > separation bet. slits

where, ﬁz ' £ _r
;=7 4sm0 and - T=—rasing s i of both slits

z
A



Intensity of Two-Slits Diffraction
Patterns

sin ( ,8/2)}2

AN
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“Envelope” of
intensity function

0
d=4a EN A

For d = 4a, every fourth interference
maximum at the sides (m; = *4, £8, ...)
Dm Ddoublcslit 1S IﬂiSSing,

Calculated
intensity

my=—8m=—4 0 m=4m=
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Intensity of Two-Slits Diffraction
Patterns

_ 2 7
intensity intensity function I =1,cos ( B /2

2
0
I|.
/

———————————————— , 2
Calculated “Envelope” of @ ) [ sin ( 5] / 2) }

Interfer max: dsin@=mA

diff min: asin@'=m'A
N _— When do they match?
For d = 4a, every fourth interference y :
maximum at the sides (m; = *4, £8, ...)
is missing, _ . m d
sinfd=sin@' /= —=—=4
d=4a m' a



Interference Patterns from Multiple Slits

Let consider an example with
N=8 slits,

On the screen at P, maximum will occur at:

dsin@=mA, m=0,+1,12, .-

« when waves from adjacent slits have a
path difference which is exactly mA.

* This condition for maximums is the same
for the two-slits patterns.

A4
’r‘d sin @ ¥--.,,

Maxima occur where the path difference for
adjacent slits 1s a whole number of wavelengths:
d sin 0 = mA.



Interference Patterns from Multiple Slits

(@) N = 2: two slits produce one minimum
between adjacent maxima.

1

() N = 16: with 16 slits, the maxima are even
taller and narrower, with more intervening
minima. I

""ﬂ 56, W""

| ] 0

mjm—l m=0 m=1

(b) N = 8: eight slits produce taller, narrower
maxima in the same locations, separated by
seven minima. ]

N TN -

MAJ_LMLMAMQ 0 D nathemaica



Interference Patterns from Two Slits

—_ = > Central max \

> e 18t order min

¢ =2r /

V\
m = 0 m — 1

/l¢

18t order max

For N = 2, there 1s a single minimum 21 2x

exactly ¥» way between 0 and 27 at p=r==
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Interference Patterns from Several Slits

474747474747 4

Now, let look at the condition for the minima when ¢ goes from 0 to 2 7 for N=8:

: _ T
Phasor diagram for ¢ = 4 Phasor diagram for ¢ = %
/ 90°
1 loop
Phasor diagram for ¢ = 7
7T O
\ _§q_b __ — i ___4_-5 ——T
Copyight ©:2008 Pearson Educalion, I, publishing a8 Powssors Addscn-Wesley h
For N = 8, there are a total of 7 minima with S T ¢ = = 180°
#
7 27 3w 4r Smobr Ix 27

h
=m—,m=1,...., N—1 >
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